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�" .a��K��� (hHp⋅�cd���� e!E� � 
1

,
p

p
p i

i
v v

  =    
∑

U"��< �s�k
 ��.

#�QT@U�:�" ���� � �!rF �� ����>� a'r��� �8Z ���1p =���& h�8? ��� ���:� ;)" E��'
 ���� L1 p<.�8��
q���'�'5 ��
�" (1 )q<��
�� � a'� 

1 1 1.
p q
+ =

h�I �OH A!
4 s)�
α�β(h|& g���� g!�'�'5 �?
�" :

,
p q

p q
α βα ⋅ β ≤ +

�r��E� � a'�� y!�� �J��G �� U!0V� J����� (hV ��O�:
(1 )]0,1[, , , (1 ) .x y x yx y e e eθ + −θ∀θ ∈ ∀ ∈ ∀ ∈ ≤ θ + − θ� � 
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.���>
 h4 U�8?1
p

`� θ�logp α`� x�logq β`� y.

h�I �OH Lh��u�v%����� �� �?E��" V�� �r��E�C)� ����G A!
|& ��?�� h�8? �'��> 

1 1,
p p

i i i i
p q

p p p q

u v u v
i

u v p u q v
∀ ≤ +

⋅

�� $�r��E� � B�� 	E� ��" T�C~� �Mx� 

p qi i
i

u v u v≤ ⋅∑)��K�$��(Hölder 

(h4 N�X
 ;!�5p⋅*��+� �!rF ��1�� ��O� L�!�X)X � �r��E� � �!rF ���
 h4 U�8? LU"��< s�k
 �� 
MV�uE.��?�� 

( ) ( ) ( )1 1p p p
i i i i i i i iu v u u v v u v

− −+ = + + + 

(h4 �� �'��>�� �r��E� � .�C��0�� JC/�� 

( ) ( ) ( )
1

( 1)
q

p p q
p pi i i i

i i
u v u v u v −  + ≤ + +   

∑ ∑ 

h�I �� ���)K � �r��E� � ,��G�( 1)p q p− =.�

�`k5d�:�!F�+� ���:� 	2p =�r��E�� �MxG Hölder����� �8#�� 
1 1
2 2

2 2
i i i i

i i i
u v u v

      ≤ ⋅         
∑ ∑ ∑ 

�r��E�� s0�� ���:� B�� 	 eE�G�Cauchy-Schwarz �r��E�� �4 Bunyakovskii )
d� 	 �!F�M�
��'��0 N��&�>��(.s�k��� ���5 	 �!�X)X � �r��E� � ;!C>G �CIp⋅:

1 1 1

.
p p p

p p p
i i i i

i i i
u v u v

           + ≤ +                 
∑ ∑ ∑ 

�r��E��Minkowski.

U"��< @%��& 	 Ls-�k��� J�� (h4 �� L��� BEIO E?�/� ��Vh�I �OH A!
4 ��q L��&�8�� L����� A��� ⋅�′⋅
h�
�" ���? A!
|& gC�k
1c�2ch�8? S�z 

1 2, .v V c v v c v′∀ ∈ ≤ ≤ 
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�)`X�4:
2 1 2

2

1

x x n x

x x n x

x x n x
∞ ∞

∞ ∞

≤ ≤

≤ ≤
≤ ≤

 

����� A�� � U"��#�� %����� 	 L��?�5�� ��"��< U!C>
V@s�k�� ����>�� L⋅a'� %����� ��� �� E��" (�I 
jE#��1x =.EF����� �"�CD U!C>
 �CI{ : 1}uS x V x⋅ = ∈ =%����� ��� 	 �!?�5���� QE8�� .���:� 	
�!F�+�2V = �U)? �CI ���0��� �!?�5���� QE8�� ��XY ���8Z :

1

uS i 2

uS i
uS

∞i

� $�" :4 �8�� nM��GE � �� ��!�E � $�&��� � �')5 n�':� ;)" k.U!C>
���G�&���� ��C�k
 a��KG (�I 
: n +⋅ →M �������� *��+� a'� :

i. , 0 0,nA A A∀ ∈ = ⇔ =M

ii. , , ,nA A A∀α ∈ ∀ ∈ α ⋅ = α ⋅Mk

iii. , , ,n nA B A B A B∀ ∈ ∀ ∈ + ≤ +M M

iv. , , .n nA B A B A B∀ ∈ ∀ ∈ ⋅ ≤ ⋅M M

�)`X�4:
U)? �� UK+� =
���� �/� 	 �6�C��0� ��G�&��� � s-�k��� 2)34 g� ��:

�W�����E& s�k
Frobinius )=��)c�� s�k��� ���?4 ;"�?�(:

2
ijF

i j
aA = ∑∑ 

�s�k���p⋅:

\{0}
sup , 1.p

p nx p

A x
pA

x∈

⋅= ≥
k
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(h4 ��� {5d
 

1\{0}
sup max .p

p pn xx pp

A x
A A x

x =∈

⋅= = ⋅
k

U"��#�� %����� ;)" @s�k
 �� ��cdK
� t�&���� @s�k
 %�#
H �!��G @���>�� J�K�>
 L[�" @A���nV ≡ kU)? �CI :

�8��⋅%����� ;)" ��C�k
 Va��K��� L: n +⋅ →M ��cd���� e!E� � 

1\{0}
sup max .
n xx

A xA A x
x =∈

⋅= = ⋅
k

B�"�
 Lt�&���� s�k
 ��ar) � t�&��� � s�k���U"��#�� s�k���� ⋅.i3 �!�G�&���� s-�k
 ���� LuEM4 @��� ��
��< s�k
 !=x� �'r)� L.�X � ���0 ;)�& } U"W�����E& s�k
 F⋅a'�� ar)� i3 t�&���� s�k
 �� n FI n=.

��k5d�:�!F�+� ����
 ar)� t�&���� @s�k
 !=4 a('� 1nI =.

�Q(�1�5:�8��( )ijA a=&���� ��!�E� �.�r�rF ������� *��+� 

� 1
1

1
sup max ,

def
ij

j i

Av aA
v
== ∑

� 2
2 2

2
sup ( ) ( ) ,

def Av
AA A AA Av

∗ ∗ ∗= ρ = ρ ==

� sup max .
def

ij
i j

Av aA
v

∞
∞

∞
== ∑

s�k���2⋅�� $��V�� = ��+L=�5���� �?�r���� :

2 2 2 2 .UU I A AU UA U AU∗ ∗= ⇒ = = =

	� ���5 �&���� �!���k
 Ah�8? ��?�� 

2 ( ).A A A A A A∗ ∗⋅ = ⋅ ⇒ = ρ

#�Q+<R�:
�N
�I �OHAQE����� �4 �!����E� �&���� )�!���k
 U�& (� ���((h|& 2 ( ).AA = ρ.
�N
�I �OHAQ������ �4 �!?�5�� �&���� )k
 U�& (� ����!���(h|& 

2 ( ) ( ) 1.A A IA ∗= ρ = ρ =

�gC�k��� �� (�I �C�c g��G (h4 {5d
 L�!�)C��� ��5���� ��1A�A ∞s�c �&E�� u�0 2()K�? 6�  P�>� 
�&��� � EF��"Ak��� �C�c g��G h4 g5 ;)" Ls�2A��K�>� l�� .
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$�&��� � $������� y��'G �0��
 	 ����� ����
 2�)G ������� �������.

�Q(�1�:6 �8�� A��GE � �� ��!�E� �&���� n.h�8? @�-��":

G=��:t�&��� � s�k��� h�I ��?4⋅)ar)� i3 [4 ��'r)� h�I ¡%��0((h|& 
( ) .A Aρ ≤

G�Q�L�@:
���� h�I ��!?40 < ε(�cV� ;)" ���? Lt�&���� s�k
�r��E� � a'r�G S�z ar)� 
( ) .A A≤ ρ + ε

#�QT@U� 

G=��:�8�� sp( )Aλ ∈S�z ( )A= ρλ.�8���v�C�')� 9��'&��� ���G�O ��"��< λ.h�8? @�-��" 

( ) T T T TA Ap p p p A pp p pρ ⋅ = = ≤ ⋅⋅ λ ⋅ ⋅ ⋅ 

(h4 �k5dq0Tp p⋅ ≠�r��E� � �!rF ,���>
 ( ) .A Aρ ≤.

G�Q�L�@:y��I 	 $����� ;)" Td�6�� ���� s�� � ¢��'�� £��
 L�#�� ��� U-�#
H ��� $����� P.G. CIARLET 
h��� �:“Introduction à l’analyse numérique matricielle et à l’optimisation”.

.5#�����
� #�������� ���/0� #������� 

�8��V@s�k�� ��
!�_� ���"��< ��%��& ⋅.������� �" .�'
( )k kv ∈�EF��" �� V@E��" �� ����'�� ��!
H
v V∈E����� (hH ���?4 .�'
 �4 Lv������ � �?�¤ �� ( )k kv ∈�h�I �OH P'&� �OH L

lim 0,k
k

v v
→∞

− =

2�8
� 
lim .k
k

v v
→∞

=

U"��#�� %����� h�I �OHV=��>? @��� �O 1 n≤�? s-�k��� ¥&�8G (h|& L(�'�>� �!�<V� �� ������� y��'G (h4 �!�
�C��> � s�k��� �" .s�k�)� *�+� ����M6� (h|& LuEM4 @��� ��∞⋅y��'G �&�8? �!�<V� �� ������� y��'G (h4 �!��? n

�!�<V� $�!�IE� �� �
!�8� �!?
�" �������.

$�&��� � %��& EF��" �� ������� y��'G e!E�
 Ly�)0V� l���, ( )m nM k=��>? B��� =���� m n⋅.
PC��� �� $�&��� � �� ������� y��'G (h4� �C��> � s�k���� a()��? 6 $�&��� � �� ������� y��'G (h4 ���?4 {5d
�

( , )m ny��'G �&�8? m n⋅$�&��� � $��(IE� �� �
!�8� �!?
�" ������� .
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�?E���� �&��� � �� ��!�E� �&���� u�c y��'�� ��&�8�� ����E< ������� ������� ���K�G.

�Q(�1�7

�8��B��!�E� �&���� .������� j�E#����&�8�� :

(1) lim 0k

k
B

→∞
=L

(2) , lim 0k

k
v V B v

→∞
∀ ∈ =L

(3) ( ) 1Bρ <L
(4) �s�k
 �cV� ;)" ���? ar)� ⋅a'� 1B <.

#�QT@U� 

(2) (1)⇐:�8��⋅�8��� ���"��< ��C�k
 ⋅A� ar) � t�&��� � s�k��� .h�I �OHv V∈�r��E� � (h|& L�� ��E��" 
k k vB v B≤ ⋅⋅

(h4 �!��G 
lim 0.k

k
B v

→∞
=

(3) (2)⇐:I �OH h�1 ( )B≤ ρT��< 
��� �8C � �� A!
|& Lpa'� 

0, , 1.p B p p≠ ⋅ = λ ⋅ λ ≥

��?�� h�8? ����"k kB p p⋅ = λ ⋅������ � h�8G 6 (� ��� ( )
1

k
k

B p
≥

⋅����'�� .
(4) (3)⇐:�� QE<��� ,��? ���� �6)��`�
��(.
(1) (4)⇐:�r��E� � a!�K
 h4 U�8? 

kk BB ≤
	 ;K� � s�k��� ���5 	(4).�

�8#�� �� $�&���C)� Q��� �� �!��o� *��+� ��� ������� ���� � �E�G( )I B−.

�Q(�1�8

�8��B��!�E� �&���� .

G=��:h�I �OH ( ) 1Bρ <�&��� � (h|& ( )I B−�)>)>� � T�CD ���)'� =��>?� ���)c h�8G 

1

0
( ) k

k
I B B

∞
−

=
− =∑

G�Q�L�@:>)>� � N���'G �OH �)
0

k

k
B

∞

=
∑(h|& ( ) 1Bρ <.
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G�Q���@:h�I �OH ���G�&���� ��C�k
 a('� 1B <�&��� � (h|& ( )I B−���)c h�8G .�OH L���� ��&�1H
 s�k��� h�IG�B��� y�)' � (h|& 1( )I B −−a'� �r��E� � 

1

0

1
( )

1
k

k
BI B

B

∞
−

=
= ≤−

−
∑

#�QT@U� 

G=��:�&��� � (h4 ����c( )I B−(h4 ����c �&�8? ���)c i3 1�&���C)� �!�G�O �C�c U� B(h4 =4 ( ) 1Bρ ≥���� 
�&��� � (h|& ������� ��1�E�&� �c��?( )I B−���)c .��?�� L��
�� @��� �� 

2 1( )( )m mI B I B B B I B +− + + + + = −�($)

�&��� �� �'��K � B�� 	E� yE��1( )I B −−�� 
1 1( ) ( )m mI B B I B I B− ++ + + = − ⋅ −�

h�8? A��� 

1 1

0
lim ( ) lim ( )

m
k m

m mk
B I B I B− +

→∞ →∞=

= − ⋅ −∑

bH ��
���0�� �(�1
�7h�8? 1lim 0m

m
B +

→∞
=(h4 =4 L

1

0
lim ( )

m
k

m k
B I B −

→∞ =

= −∑

G�Q�L�@:�)>)>� � N���'G �OH
0

k

k
B

∞

=
∑(h4 ¦�§'p��� ��"�CD S=̈4 L

2 mS I B B B= + + + + +� �

(h|& 

S BS S SB I− = − =

�&���C)� (h4 ��O �� ,��?( )I B−�� �y�)'� S.�'��K � 	 g&EK�� �?�¤ �Mx�($)�� 
( ) lim m

m
I B S I B

→∞
− ⋅ = −

(h4 B���� ©�? ���� 
lim 0m

m
B

→∞
=

bH ��
���0�� �(�1
�7h�8? ( ) 1Bρ <.
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G�Q���@:bH ��
���0� �(�1
�6(h|& ( ) 1Bρ <a�0 �� ;)" ª
�C�"�� (� ��� )�6�4(&��� � (h|& �( )I B−���)c h�8G 
�� ���)'�� 

1

0
( ) k

k
I B B

∞
−

=

− = ∑

��?�� LuEM4 @��� �� 
1 1

0

( ) ( )

1

1
1

m m

m

k

k

I B I B I B B

B B

B
B

− +

∞

=

− ⋅ − = + + +

≤ + + +

≤ =
−∑

�

�

s�k��� h�I ;)" ��� �
�C�"�t�&��� � h�I 	 ��'r)� 1I =.����" �?����� �Mx�m∞ ←(h4 �� 
1 1( )

1
I B

B
−− ≤

−
�

�W��L:�&��� � N
�I �OH ( )I B−(h|& ���)c i3 ( ) 1Bρ ≥.

�Q(�1�9

�8��B�8��� L��!�E� �&���� ⋅�� t�&���� s�k
 .@�-��"��?�� h�8? 
1/lim ( ).kk

k
BB

→∞
= ρ

#�QT@U� 

bH ��
���0� �(�1
�6��?�� ( )B Bρ ≤�'��K � ��� L1/( ) { ( )}k kB Bρ = ρ(h4 ,���>
 
1/1, ( ) .kkk B B∀ ≥ ρ ≤ 


���� h�I ��?4 A!
4 Lh�� �����0 < ε�" ���? £�rF �
ε	h�8? S�z 
1/ ( ) ,kkk BBε≥ ⇒ ≤ ρ + ε	

y�)K � $���� U�8? ���� .LhOH �8��0 < εJ�
 L;K�� ��
�" 

( )
BB

Bε = ρ + ε

(h4 ��� {5d
( ) 1Bερ <;)" 
�C�"6��� L�(�1
�8h�8? lim 0k

k
Bε→∞
=.£�rF 
�" 
��� N�X? ����ε	

a'� 

( )
1,

( )

k
k

k
Bk B

Bε ε≥ ⇒ = ≤
ρ + ε

	

y�)K � ���.�
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.6 ,789� 12� � �����34� 5�6�� 

h4 �
���� ����� �!�K+� $6
�� � �� @�)C/ «�5 ;)" A x b⋅ =? h4 h��� %�KMV�� ����#� (�:� ��� h�8 .
�)C/� (�5 J� a��K�? 6 U)�& (�5 ;)" ��� �������� ���� �o �!E��G ��� Q
!��� � %�KMV� �
��� bH ��O 
��?

A x b⋅ =�<!�# � �)C/� �5 J� a��K�? �C!
H� :

( ) ( ),A A y b b+ ∆ ⋅ = + ∆

%�KMV� L�����A∆�b∆.�X � ���0 ;)�& LE?�'���� �?�r�)� �)��c h�8G L������ h�I ��?4 L [�" @A��� ��!�8�� L����D 
¬�0�:� [�k��� 	 
�" =4 ��XY ��" 28GE � E?����� xKM e­E�p
 .!�5 g��G �4 E?�'G �!���I �� A>�
 �EK? =��� .�¥>�� 

®E��� A()XZ =��� �:� 	 xK\)� ;)"4( )x y−g�!�K+� g�)C�)� :
,

( ) ( ).

A x b

A A y b b

⋅ =

+ ∆ ⋅ = + ∆

E?
�' � ��6��A∆�b∆.

y�>5 �X� uEM4 �-�>� �!�0�>5 L���?4 W���0�&���� y�)'� �(�5� ��x>� uE¯��� $����E�� bH ��&�1H 
y�>5 ��x>��!�G���� �!�<V�� �!�G���� s�'���!?EKc bH !
E�� ��'G �&���  .

bH 2>�? �6�X� h�� °!r����R.S. Wilson . �!�K+� �)C/� �8��A x b⋅ =S�5 
10 7 8 7 32 1

7 5 6 5 23 1
, ,

8 6 10 9 33 1

7 5 9 10 31 1

A b x

     
     
     = = =     
     
     
     

!E�� �)C/� B�� EF��" (h4 �E�����U)? �CI ±?�#�)� �1:
10 7 8.1 7.2 32.01

7.08 5.04 6 5 22.99
, ,

8 5.98 9.89 9 33.01

30.996.99 4.99 9 9.98

A A b b

   
   
   + ∆ = + ∆ =   
   

  
  

 

(h4 =4 
0 0 0.1 0.2 0.01

0.010.08 0.04 0 0
, ,

0.010 0.02 0.11 0

0.010.01 0.01 0 0.02

A b

   
   −   ∆ = ∆ =   − −
   

   −− − −   
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�)C/� �5 (h|& LuEM4 @��� ��( )A y b b⋅ = + ∆�� ±?�#�)� ]�X�� eEK�� ���& �!E�G ���� 
(1.82, 0.36,1.35, 0.79)Ty = −h�8? (� ��� 

0.82

1.36
.

0.35

0.21

x y x

 
 − ∆ = − =  
 
 − 

���I� �)C/� (�5 (h|& ( )A A z b+ ∆ ⋅ =�&��� � N!1E�G S�5 LA±?�#�)� A∆�� L
( 81,137, 34, 22)Tz = − −��?��>� �:� 	 xK+� h�8?� 

82

136
.

35

21

x z x

− 
 
 ∆ = − =  −
 
 
 

����EK1� (h4 uE
 ��
|& ��8��)��#?�#G(��GE� �� ����>
 43 10−×L�!�K+� $6
�� � �� ]�X�� eEK�� 2��? L
��GE� �� (�:� 	 ²>
 y�EK1� ���5 	 2!�>�?0.8:`�� y��'? .!��q s!\�G �c xK+� (h4 ©�? ����2500Q!E� .

5d
 ��
|& ���I� ��GE� �� ����>
 ��#?�#G (h4 {210−	 ²>
 @xKM 	 2!�>�? L�!�K+� �)C/� �&���� EF��" 	 L
��GE� �� (�:�80.

.7�:��; ������ �����3< 

���)'��� ��!�E � $�&���C)� �!�0�>:� [���� U)? �C�& e!E�
 .h�8G h4 £)K�
� i3 ��!�E � $�&��� � �!�0�>5 
�!�-�¤ 6 ���)'��.

� $�"5

�8��⋅�8��� } ���G�&���� ��C�k
 ( )nA M k∈���)c� ��!�E� �&���� .e!E�
�&��� � �!�0�>5 A��!
x� 
2�� � 
����:

1( )A A A−κ = ⋅

����8��� ��
��54 A��H _�E? =����cond( )A.��?�� L*�M @A����1( )p ppA A A−κ = ⋅S�5 p⋅s�k��� �� 
U"��#�� s�k���� ar) � t�&��� �p⋅.

� ����� �!��G ������� ���� � �!�0�>:� 
�" °-��M �( )Aκ���)c� ��!�E� �&���  .
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�Q(�1�:10 �8�� ( )nA M k∈���)c� ��!�E� �&���� .��?�� 

G=��:h�I ��?40 k≠ α ∈(h|& 
( ) ( )A Aκ α ⋅ = κ

G�Q�L�@:�&��� � s�k��� h�I ��?4ar) � t⋅(h|& 1( ) 1A A A−κ = ⋅ ≥L
G�Q���@:�8��min 1 maxnµ = µ ≤ ≤ µ = µ��&���C)� Q(O�#�� s�'�� Ah�8? ����" L

max
2

min
( ) .A µ

κ =
µ

G�Q�:�!:2 ( ) 1Aκ =I �OH P'&� �OH h�A Q= α ⋅S�5 \{0} ∋ αk�Q�!?�5�� �&���� .

#�QT@U�:
G=��:��?�� 

1 1 1

1

( )( )

( ).

AA A A A

A AA

− − −

−

α ακ α ⋅ = α ⋅ = α ⋅ ⋅ ⋅

= ⋅ = κ

G�Q�L�@:��?�� 
1 1 11 ( ).I A A AAA A A

− − −= ⋅ ⇒ = ≤ ⋅ = κ⋅

G�Q���@:(h4 s)�
 

( )

max2 Sp( )

1 11
2 Sp( )

min

( ) max ,

1 1max ,

A A

AA

A AA

A AA

∗

∗

∗

λ∈

∗− −−
λ∈

= ρ = λ = µ

= ρ = =
λ µ

�� ,��?(h4 ��O 

max1
2

min
( ) .A A A− µ

κ = ⋅ =
µ

G�Q�:�!:�&��� � N
�I ��?4 A!
4 s)�
 Ah�`�!?�5�� h��&���� ���G A!
|& U�V�?EKc �&����� Σ���& EK'�� EF��" 
�� U� h�8? S�z �&��� � B�o Q(O�#�� s�'A U V ∗= Σ(h|& L���� � B�� 	 L�'��>�� �!F�+� ;)" ��
�C�"�� 

2( ) 1Aκ =�&���C)� Q(O�#�� s�'�� J�� N
�I �OH P'&� �OH A����� �C�& �?��>�� .�E���α�IE�# � �C�'�� 
h�8? ����" L�oIΣ = α ⋅�A UV ∗= α ⋅ S�5 Q UV ∗=�!?�5�� �&���� .�

#�Q+<R�:
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•��!
H �&���� �" .�'
"�!�0�>:� Q�!��"�C�'��� ��
��'� Qi�I N>�� ���!�0�>5 N
�I �OH L1.�!F�+�
 ���� � 	 QiMV�1;)X� �!�0�>z J!�C�G �!?�5���� $�&��� � (h4 �!��G 2( ( ) 1)Qκ =U�& 2�>�� ��o� L

=
���� ��)r��� $�!��´���M �� �?���� 	 .�C��06� ��-�<.

•=4 L�!����E� �&��� � ���& h�8G ��� ���:� 	A A∗=(h|& ( )i i Aµ = λh�8? ����"� 

2
max ( )

( ) .
min ( )

i

i

A
A

A
λ

κ =
λ

•�&���  �!�0�>:� E(�¥� (h4 a�0 �v s)�
nA M∈$�E(�¥� !�8�� L[�\�> � t�&��� � s�k��� J��? 
A!
4 ��q L����� �C�& ��&�8�� �!�0�>:� h�I �OH κ�′κ����Y h����� h�
�" ���? A!
|& �!�0�>5 =E(�¥� 

1c�2ch�8? S�z 

1 2, ( ) ( ) ( ).nA c A A c A′∀ ∈ ⋅ κ ≤ κ ≤ ⋅ κM

��?�� L.�X � ���0 ;)�&:

2 1 2

2

2
1 12

1 ( ) ( )

1 ( ) ( )

1 ( ) ( )

A n A
n

A n A
n

A n A
n

∞ ∞

∞

κ ≤ κ ≤ ⋅ κ

κ ≤ κ ≤ ⋅ κ

κ ≤ κ ≤ ⋅ κ

 

•������� �)X�V� �!��G �CI �&��� � B�� �!�0�>5 g�� �&��� � 
!�� ���Mx? ��� �C�'�� g� �cd" ���� N>��.

��Q���:

��8�� A��GE � �� �!?EKc� ��!�E� �&���� 100U)? �CI �&!E�� :

11 1,

0.1 2 100.i i

a

a i

=

= ≤ ≤ 

��� ��?��2
2 1

2

1
( ) 10

10

A
A

A−

=κ = ⇐  =
(h4 g5 	 L99 99det( ) 1 10 10A − −= × =.

��8�� A$�cd���� �&!E�� �!?EK'�� �!�-���� ;)"V� �� ��X()X� �&���� :
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1

1 , , 2 1

0
i j

i j

i j n a j i

else

 =
≤ ≤ = = +



�&��� � �� �&��� � B�� y�)'� (h4 ���? 
1 1

1

1 2 4 ( 2) ( 2)

1 2

1

1

1

i n

A

− −

−

 − − −
 

− 
 
 
 =  
 
 
 
 
 
 

� �

� �

� �

� � �

�

� �

 

���:� B�� 	 ��?�� 
1

11 1
1

1

3,

1 2 4 2 1,

( ) ( ) 3 2 .

n n

n

A A

nA A
A A

∞

−− −
∞

∞

= =

= = + + + + = −

κ = κ = ×

�

h�I �� s3E���det( ) 1A =.

.8�XQ�8* #=���� ��> �< � ? �.��� $@� ���!� 

!E��G h4 h�
 ��(KM $6
��� �)� 	 ]�X�� eEK�� T��< ±?�#G �" ������ $�i�¯��� ���5 �6�4 W���� �&���� �
i�¯G =V �)C/� B��.

�Q(�1� :11 �8��( )nA M k∈�8��� L���)c� ��!�E� �&���� x�x x+ ∆�!�K+� $6
�� � ��)C̈n� Ü�)p5 :

( ) ,

A x b

A x x b b

⋅ =
 ⋅ + ∆ = + ∆

�r��E� � a'r�G ����" 
( ) .x bA

x b
∆ ∆≤ κ 

U"��#�� s�k��� h�I ��?4⋅
���� �(XZ S�5 L( )Aκ�&��� � �!�0�>5 Aar) � t�&��� � s�k���� ����>� 
s�k��� ���.
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#�QT@U�:

�� g��
�� � g� ®E��� �Mx� 

A x b⋅ ∆ = ∆

h�8? A���1x A b−∆ = ⋅ ∆.��?�� ar) � s�k��� �?E�G ��� 

1 1 ,

1 .

x bA b A

Axb A x A
x b

− −≤ ≤ ⋅∆ ∆⋅ ∆

= ≤ ⋅ ⇒ ≤⋅

������� �r��E� � ;)" ��� LeE� 	 ��&E� Lg�r��E� � gG�� yE��:

( ) .x bA
x b
∆ ∆≤ κ ⋅ �

C/� �&���� EF��" ±?�#G ��x>� h�� µ���� ���� � .dM �� ��O� ���& ]�X�� eEK�� E!�¯
 h4 h��� �!�K+� �)
�`������.

�Q(�1�:12 �8��( )nA M k∈�8��� L���)c� ��!�E� �&���� x�x x+ ∆�!�K+� $6
�� � ��)C̈n� Ü�)p5 :

( ) ( ) ,

A x b

A A x x b

⋅ =
 + ∆ ⋅ + ∆ =

�r��E� � a'r�G ����" 

( ) .x AA
x x A
∆ ∆≤ κ ⋅
+ ∆

U"��#�� s�k��� h�I ��?4⋅
���� �(XZ S�5 L( )Aκ�&��� � �!�0�>5 Aar) � t�&��� � s�k���� ����>� 
s�k��� ���.

U�#�QT@:
��?�� 

( )( )A x b A A x x⋅ = = + ∆ + ∆

A��� 
( ) 0A x A x x⋅ ∆ + ∆ ⋅ + ∆ =

(� ��� 
1 ( ).x A A x x−∆ = − ⋅ ∆ ⋅ + ∆

(h4 ,���>
 ��O �� 
1 1 ,( )A A x xx x xAA− −= ≤ ⋅ ⋅⋅ ∆ ⋅ + ∆∆ + ∆∆
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(h4 ©�? ���� 
1 ( ) .x AAAA

x x A
−∆ ∆≤ ⋅ = κ ⋅∆

+ ∆
�

.�X� ���5 	 Ek���R. S. Wilson���� ��� A�& �
4�� =��� �.�� =��)c�� U"��#�� s�k��� ��)C��0� �O|&
2 60.025b ≈�2 0.02b =∆.�&��� � h�I s8zAQE�������?�� h�8? 

2 Sp( )

21
2 Sp( )

Sp( )

max 30.2887

1 1 1 ( ) 2984max
min 0.01015

A

A
A

A

A
A

λ∈

−
λ∈

λ∈

= ≈λ 
 ⇒ κ ≈= = ≈ λ λ


��?�� L��
�� @��� �� 
2

2

2 2

2,
0.82

1.64

x x
x x

=  ∆⇒ ≈≈∆ 
=��>? ����!�:� �C�c ���?E'G 

2
2

2

0.02( ) 2984 0.994.
60.025

bA
b
∆κ ⋅ ≈ × ≈

�¤�8� ��&�1H LJ!�C�G �&��� � B�� (hx� ��iM4 E(I�
�QE�����h�8� ��
!��`�� =��>? 1(h4� ���)'��� 

1

25 41 10 6

41 68 17 10
.

10 17 5 3

6 10 3 2

A−

− − 
 − − =  − −
 
 − − 

/� =E��" ±?�#�� �'()�� � �!����� ���:� h�� W���� �&��� � =4 L�!�K+� �)CA]�X�� eEK�� T��<� b.�E��

�8#�� ;)" 2�8G �<!�# � �!�K+� �)C/� (h4 

( ) ( ) , ( ), ,

(0) .

n
nA F x b f F f

x x

+ ε ⋅ ⋅ ε = + ε ⋅ ∈ ∈

=

M k k

�&��� � N
�I �OHA���)ca��K��� (h|& ( )xε → εjE#�� a'�� E���� ���f ®�'�<d� �d��c h�8? 
1(0) ( )x A f F x−′ = ⋅ − ⋅a��K�)� 
��¶� E#��� Q���" (h|& (� ��� L( )xε → εU)? �CI 2�8G E���� ���f :

2( ) (0) ( ) , 1.x x x O u u′ε = + ε ⋅ + ε ⋅ =

S�5⋅"��< �s�k
 �� U.������� �r��E� � ;)" �'��>�� Q������ �� ��� LA� ar) � t�&��� � s�k��� [��\�0�� 

2( )
( ),

x x f OFA
x x
ε −  ≤ ε ⋅ ⋅ + + ε 

 
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��?�� L��
�� @��� �� 

,xb A≤ ⋅

�r��E� � ;)" ��� (� ��� 

( ) 2( )
( ) ( ),A b

x x
A r r O

x
ε −

≤ κ ⋅ + + ε

S�5 

, .bA
fFr r
bA

= ε ⋅ = ε ⋅ 

�� �:� 	 ²>��� xK+� (h4 {5d
 ��
|& L������x´����? 6( )Aκ�!�K+� �)C/� EF��" 	 ²>��� xK+� �Q!E�
( )bAr r+.�!�0�>:� 
�" (h|& L�� � ���( )Aκ0�>5 ��� l�'? �� ;)" 9%��� L�(XZ ��� $�#?�#�)� ��K+� �)C/� �!�

�:� 	 xK\)� UCk"V� s�\���� ����� La�0.

����� �Q+<R�:

�cd���� °!\)�G ��!�E� �&���� �!�0�>z a()��G �!��� uEM4 �!F�M ���� 

{ :det( ) 0}

1 min
( )

E A E

E
A A

+ =

=
κ

)�(�1�(Gastinel 

������� B�� �!��G)Ek
�(Kahan 1966 �!�0�>:� 
�" (h4 ( )Aκ�&���C)� �!��>��� �&�> � W��'� £C>? A�" 
���)c i¯�� $�&��� �.

���)'� y�>5 	 ��!�E� �&���� ±?�#G E�4 £!1�G ��� *��+� �� ����� �E�
 L������� QE'��� 	.

.9� ? �.��� $@� ���!� ������ A��B� A�3< 

�Q(�1�:13 �8��( )nA M k∈�&���� L���)c�8��� ⋅t�&���� s�k
 ar)��Ea'w �&���� 

1 1,rA E− = <⋅

�&��� � h�8G @�-��"( )A E+���)c h�8?� 

21 1
1 1 1, .( ) ( )

1 1
EA AA E A E A

r r

− −
− − − ⋅

≤ ≤+ + −
− −
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#�QT@U�:

�&��� � (h4 �qA2�8
 h4 ���8Z L���)c ( )A E A I F+ = ⋅ −S�5 1F A E−= − ⋅.LuEM4 @��� ��
 ��?��1 1rF A E−= = <⋅�&��� � (h4 ,���>
 ��O ��� ( )I F−���)c )�(�1
�(8 (h4� 

1 1/(1 )( ) rI F − ≤ −−.

���?4 ��?�� 
1 1 1( ) ( ) . ,A E I F A− − −+ = −

(� ��� 
1

1 .( )
1
AA E

r

−
− ≤+

−
���I� 

1 1 1 1( ) ( ) ,A E A A E A E− − − −+ − = − ⋅ ⋅ +

A��� 
21

1 1 11 .( ) ( )
1

E AA E A A EEA r

−
− − −− ⋅

≤ ⋅ ⋅ ≤+ − +
−

�

F�Q�� 
4 1

1

1

1 4

A

 
 
 

=  
 
 
 

� �

� �
 

?�� L��� ��4( )A I B= +S�5 L1
2

B ∞ =(h|& (� ��� 1( )I B −+2>z� Q
���� �(�1
�8h�8? 

1
1
2

1 2( )
1

I B −
∞
≤ =+

−

��?�� @�-��"1 11
4 ( )A I B− −= + (� ��� 1 1

2A−
∞ ≤.A��� 

1 1( ) 6 , ( ) .
2

A A−ρ ≤ ρ ≤

�&���C)� �!�G���� s�'�� (h4 =4A���
_ � �r��E� � a'w 

Sp( ), 2 6.A∀λ ∈ ≤ ≤λ
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.10C !�D� �E�3� 

.1.10�8�� 

1 2(1, 2, 1) , (1,1, 3) .T Tu u= − =

�?������ g"��< .��X��� ��"��< �!�"3u�)C/� h�8G S�z1 2 3{ , , }u u u%���)� ��0�04 3�.��O �� ,���0�
�����k
 �������� ��0�04.

.2.10 �8�� nw ∈ �S�5 2 1w w w∗= =.��!�E � �&��� � e!E�
( )nA ∈M �d���� �c

2A I w w∗= − ⋅

N��4 �&��� � (h4A�&���� U� �!����E���!?�5��.

.3.10g�&��� � �� «�8� �!�G���� �!�<V�� �!�G���� s�'�� 2>5� 
1 11 4

, .
1 31 1

          −     

.4.10 �8�� ( )nU ∈M ��!?�5�� �&���� .

( )aT��#�� h�I ��?4 A!
4 �!��x%����� �� n�(h|& 22 xU x =⋅.
( )b(h4 N��4 

( , ) , , , .n nx y U x U y x y∀ ∈ × 〈 ⋅ ⋅ 〉= 〈 〉� �

(h4 �cd��� B�� �!��G $d?�r��������!?�5%����� 	 �!�<V� g� �?��_�� ;)" {&�w n�.
( )c(h4 �!��/=��>G �)?�� �!?�5�� �&���  �!�G���� s�'�� J�C1.

.5.10 �8�� ( )nA ∈M ��!����E� �&���� .(h4 �!��A��C�c J�� N
�I �OH P'&� �OH ����� �&!E�� �&���� h�8G 
����Y ������ �!�'�'5 �!�G����.

.6.10 T��#�� �8�� 0 ny≠ ∈ ��&��� � e!E�
 LTA y y= ⋅.(h4 �!��0λ =�!�G�O �C�c U� ����"��� ���

1n −.·�&��� � B�o ����� � i3 Q��5��� �!�G���� �C�'�� U� �� 

.7.10 �8�� ( )nA ∈M ��8��� L���)c� ��!�E� �&���� v⋅%����� 	 ���"��< ��C�k
 n�.e!E�
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11.10 �8��( )nA ∈M �.
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�I ��?4 A!
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.12.10 N
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