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.operation multiplication addition= +

�� ��E�-	� �?j8 �t���� h&��� '�� ]F�@ �HI9� Q�/��� �/>N��#Fb*+ (1)b$����I ( 1)n −��/�B&� �7��W� 
t���� h&��� u��_ '�� 1;q �N-j8 ��T ��FcnF�>% �I&I�E% �:��# 

2( 1) 2 1 /2 .n n operations− + + + ≈�

ZI9���� �EI&^ Q�/�% �?j8 �i#�3� v9q '��F(5) -	�	
��
� ��� 1� 
��-$����I 2 / 2n�/�B&� �7��W� .



9 �U7���� �	
�U�
� 1� �1� 6 �&_�/
� QR�&��� 

N. ODEH 

���7#&� �89:;� �-�B �C+ AG�EI&:% 1/E% LRi7-j8 ��1� �7��W�B QI&:��� �)! K��% �7��W� *+ &xN�� ���2n

U# ��
���2n�9LX :{ : , : }ik ikk i r k i< ≥� ! �	
��
� ()!F :
min( , )

1
, ( 1)

1 , .

i k

ik ij jk ii
j

a r

i j n
=

= ⋅ =

≤ ≤

∑ � � 

�EI&^ AO�# h&�I �� [�O� �)!FCrout �EI&^ |�)BF Banachiewicz K�89:;
� K��% 6LFR.

•�&'�(Crout:&�O �>
� <�=�>%F -��� 1�3�� �7M9I �WB 
9W�Up�

QI&:��� &��N� �EI&��� ()! Q8F �7��-( )ki k i>�F( )ik k ir ≥�y�B :

1

1 1 1 1
1

1
1

1 1 1
111

2

2 2 2 2 21 1
1

, 1 ,

, 2 ,

, 2 ,

i j ji j i
j

i
i ij j i

j

i j ji i i i
j

a r r a i n

aa r i n
r

a r r a r i n

=

=

=

• = ⋅ ⇒ = ≤ ≤

• = ⋅ ⇒ = ≤ ≤

• = ⋅ ⇒ = − ⋅ ≤ ≤

∑

∑

∑

�

� �

� �

� �

 

$��% �<�� vi`9#F���7<5�,= Crout  �I �WB:
Algorithm {Crout Method} 

Begin 

For i=1 to n do 

begin 

for k=i to n do 
1

1

i

ik ik ij jk
j

r a r
−

=

= − ⋅∑ �

1

2

3

4

5

7

6 9
8

1110
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for k=i+1 to n do 
1

1

1 i

ki ki kj ji
ii j

a r
r

−

=

 
= − ⋅  

 
∑� �  

end; 

End.

•�&'�(Banachiewicz :&�O �>
� <�=�>%F-p�U��� 1�3�� �7M9I �WB &�O 

.4.1S��&�� @*1��� 5��:=� Pivot 

�L�8 ?9�I ��
��� b���k� ���>� �]F�@ �EI&^ 6 1�!�g� h)� �7��W� �I��# 6 ��N8
�;%1 0ia ≠�)!  7W>- �
&;N���"S��&�� @*1���"�9Lg� h)� �� ���W�- i��O�9# n)��F1x7�E# �� �	
��
� �.���%b	� &;N� b���k� $��I

 6 G���! G�bF
 n&�E�����D��&�� � ����� ��&F��0 Q�+B3� S�T��� U1�F�� �
V�.�y� ���
� �7M9I �WB.
E��	7 :(Forsythe) 

K��
��
� ��� ���� 
4

1 2

1 2

1.00 10 1.00 1.00

1.00 1.00 2.00

x x

x x

−× ⋅ + ⋅ =

⋅ + ⋅ =
(7)

�# '��� GH� 1/E% P��F��JH�� 

1 2
1 0.99981.000010001 , 0.99989998

0.9999 0.9999
x x= = = =� �

��H� ��J�# �WR���� ��EN��# i�8 
����� 1��� G��#9O�� G���x- K��=�>� |�C )�:N- �N-� f&�:N�F h)0� 6 ]F�@ �EI&^ Q7/�N�
 <�Jb�)�7I9N�� <�Jb�(n&3��� <�xN��# .K������� K���0� �J�NN� :

(a )k�N� 4
11 1.00 10a −= × ?9�I �!�N� �n&�J ,�%&WB 

1

2 3

4 5

6 7

8 9

10 11
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4
21 21 11

(1) 4 4
22

(1) 4 4
2

/ 1.00 10

1.00 1.00 10 1.00 10

2.00 1.00 10 1.00 10

a a

a

b

= = ×

= − × − ×

= − × = − ×

�

�

?9�I �T ��F 

)G����((1) (1)
2 2 22/ 1.00x b a= =

U� �/>N��# ���F1x�W�E�� '�� 1;q 
4

1 1 12 2 11( )/ (1.00 1.00 1.00)/(1.00 10 ) 0.x b a x a −= − = − ∗ × =

�W�J �?� �N! z�H-1x� �N�;� P�� G���U� �V^�k �N! �L��.!
(b 6 K��
��
� 1I�/�# <9E- �?y�(7)n&�E�� ,�%&
� v)R�N� �/;�8 �1.00A�E�� ]F�@ h)� �7��W�  ��%F 

����U���:
4

21

(1) 4
22

(1) 4
2

1.00 10 ,

1.00 1.00 10 1.00,

1.00 2.00 1.00 10 1.00.

a

b

−

−

−

= ×

= − × =

= − ∗ × =

�

'�� 1;q ��I�` ��F 
(1) (1)

2 2 22/ 1.00x b a= =

�W�J ?9�% �7&
� ()! ����F1x �I �WB 

1 1 12 2 11( )/ (2.00 1.00 1.00)/1.00 1.00.x b a x a= − = − ∗ =

�� �1B A�J �?� �N! z�H-2x|�)BF 1x�1.�� G��7�` G�/I&E% 1���.

.2 )*+�,� �&'�( Choleski method 

�EI&^ [b�N� �89:;
� �L�8 ?9�% P�� �7���� ���0� 6 ]F�@A:

-�n� �&a�UN�� TA A=�
-�n� �U/`9� �U87&�� 0Tx A x⋅ ⋅ >u��3�� ?�B G�I�0 x≠.

! 6 ��`�� 	 i7-� �������� �N!�
� �7M9% ����0� () *+c�&`+ �7���b�9k 6 n&�E�� ���%b	� &��N� �� �./�� 
1�!�g� h)� 6 ]F�@.
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��FGH7 :3����( )nA M k∈�/`9� �87&��F �&a�N�� �89:;� .v)R�N�:

(1°�89:;
� 1/E% AG�EI&:% LR�
(2°QI&:��� l7�W�I A L R= ⋅�U7����# 

11, diag ( , , ).T
nnR D L D r r= ⋅ = …(8)

����IJ�:

(1°�N! �UNI�� 11 1 1 0Ta e A e= ⋅ ⋅ >��� 1 (1, 0, , 0)Te = …�89:;
� ?9�� |�CF �A�87&�� 
�/`9� .&;N��� b���k� ��� �T ��F11a�� *F�� ���&
� 6 n&�J ,�%&WB ]F�@ �EI&^:

1111 (1)
(1)0

TT a aa a
A A

a C C

     = → =          
(9)

��� 
(1) 1

1
11

, 2 , .i
ij ij j

ac a a i j n
a

= − ⋅ ≤ ≤

�8��� v1�3# �F� 
(1)

11

1 .TC C a a
a

= − ⋅ ⋅

�89:;
� �?� �M�9�� ��(1)C�&a�N�� .�/`9� �87&�� G�mI� �L7-� �!�N�:

�?� f&�:-1ny −∈��0y ≠.�.`�&�
� �7.� �/�- ?� $�(1) 0Ty C y⋅ ⋅ >.�#����� �� �
�:�O	�#
(9)�89:;
� ?9B ��F A$��- ?� l���>- �/`9� �87&�� 

111 2
1 11 1 1( , ) 2 0.

T
T T T

xa a
x y a x x y a y C yya C

   
  = + ⋅ + ⋅ ⋅ >     

 

�N�MF �Cj81 11/Tx y a a= −�o �E#�>�� �.`�&�
� 6
(1) 2

11

1 ( ) 0.T T Ty C y y Cy y a
a

= − >

�� �./�� ?F
 )�:N��� ��#�J 1�!�g� h)� 6 ]F�@ �EI&^ ��  &k�� 1��&
� |�)BF ��-���� ���&
� �?� �o ��Ib����#F
�I�` n&�J ,�%&�.

(2°�JH���(8)QI&:��� �7�-���F �� �r��-  ! LR;
 �#9�J �89: .�N87&� �C+ �lJ�9�� 61ˆ TL R D−= ⋅�N-j8 
������� �E#��
� '�� 1;q 

ˆ ( ),T T T TA A R L L D L= = ⋅ = ⋅ ⋅ 
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QI&:��� �7�-���F �� ��N�>- �T ��FLR�?� L̂ L=.�

�7��G ��>�?7 :&��N��� �?� �d0 iir<)�89:;
�A�/`9� �87&�� (�89:;
� ¡I&�% ��� i7-j8 �
1/2

11diag( , , ),nnD r r= …

QI&:��� �F�I �T ��FTA L D L= ⋅ ⋅1�3�� *+ 
1/2 1/2 1/2 1/2( )( ) ( )( )T TA LD D L LD LD= = 

lm-1/2B L D= ⋅N8 �QI&:��� '�� 1;. 
TA B B= ⋅(10)

'7W>I n)��F)*+�,� �'��1 �89:;W�� A.��� 

11

1

0

n nn

b

B

b b

 
 

=  
  
 

� �

�

�E#��
� 6&^ �-b�EdTA B B= ⋅�o 
2 2 2
1 2

1 1

:
, 1 .

:
kk k k kk

ik i k ik kk

i k a b b b
k n

i k a b b b b

= = + + +  ≤ ≤> = + + 

�

�

iN�F ��N�>- )*+�,� ���7<5�,= �89:;� QI&:% 6��",7 �2���7 
�W�F:7:

Algorithm {Choleski Method} 

Begin 

for k=1  to n do 

begin 
1

2

1
kj

k

kk kk
j

b a b
−

=
← −∑ ;

for i=k+1 to n do 
1

1
/ .

k

ik ik ij kj kk
j

b a b b b
−

=

  ← −    
∑

end; 

End.{Choleski} 

��W�8 � �>�9_ �7���b�9k �:��# Q����I �W�8 �7�O�O�� �7�#�>0� ��7��W��� 
�� &I�E% )U�� ���+ l�nb)` �7��W� 
 ��#&%( �I �WB ���H�� :
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3

01
( ) ( ) d .

6

n n

k

nn k k n x x x
=

− ⋅ ≈ − =∑ ∫

QI&:��� K��% �:�B ¡;- Q8�9I �)!FLRG�E#�O �!�NI�b P�� .

.3 �&'�( ����0���.�/��� ������ ������� �- �� �

������ �	
��
� ��� ���� 

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

n n

n n

m m mn n m

a x a x a x b

a x a x a x b

a x a x a x b

⋅ + ⋅ + + ⋅ =

⋅ + ⋅ + + ⋅ =

⋅ + ⋅ + + ⋅ =

�

�

� � � �

�

(11)

���n m≤.1�3�� '�� G��%�89:;� ��Ws� ()! $��% 

,

,

( ), , .n m
m n

A x b

A x b

⋅ =

∈ ∈ ∈M � � �

�	
��
� ��� |�� 	 �<�� vi`9#(11)G	9�� .vu��_ �� �./�� 6 ���>
� ()! �&^ 6 �&�:�� �W�%xQE� 
������� �7����:

2 2min
ny

A x b A y b
∈

⋅ − = ⋅ −
�

(12)

AO� ���I".�/��� ����0�:�� ��X+7 "�� ��k [��E� n���J	� A�xN�� b���k� '�� $I&E�)���7#&� u9WX ?9�I ?� $�
G�I&��� c��k��(.

��FGH7 :4����, ( )m nA ∈M ���� �n m≤����F mb ∈�.u��3�� ?9�Inx ∈����>W�� GH� (12)

�YZ [&2$ �YZ?�B x������ �	
��
� ��Ws GH� 

.T TA A x A b⋅ =(13)

����IJ�:?�B �C+nz ∈�Fα ∈��?j8 
2 2 22

2 22( ) 2 ( )T TA x z b Ax b z A Ax b Az+ α − = − + α ⋅ ⋅ − + α ⋅ 

•\�]�� ^$@�:u��3�� ?�B �C+( )Tz A Ax b= − −�?j8 <F��� 5@ b��E
� 
2 22 2
2 22 ( ) 2T T Tz A Ax b Az z z Azα ⋅ ⋅ − + α ⋅ = − α ⋅ ⋅ + α ⋅ 

D�O9�� �W�J ?9�% ���N� �/��O �b�_+ �C ?9�Iα?9�I �!�N�F 6���� b�E��# G�5�� 
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2 2( )Ax b A x z b− < + α − 

f�&�8� l� fb���I �)!Fx���>W�� ¢1� (12).

•�'��_\�]�� :?�B �C+ x�&3�� QE� (13)�?j8 
2 2 22

2 22, ( )nz A x z b Ax b Az∀ ∈ + α − = − + α ⋅�

?9�I �T ��F 

2 2,ny A x b A y b∀ ∈ ⋅ − ≤ ⋅ −�

�?� n�x�>W�� ¢1� ��(12)}9��
� 9!F .�

�)DTF`� ��	 :��:��9Wg� 1��3%{ : }nE Ay y= ∈�G��R,` G�7��k G�����_ £c�m8 c�m:�� �� m�.?�B �C+
mb ∈�u��3�� �?j8 �G�Ib���k� G����_ nx ∈�GH� ?9�I ���>W��(12)�YZ [&2$ �YZ &;N��� ?�B AxDE>
� 9! 

u��3�� n
9W���bc�m:�� '�� E.�?� ¤�I �)! 
, ( ) .ny A x b A y∀ ∈ ⋅ − ⊥ ⋅�

�� ��N�>- �?� |�C( ) 0TA Ax b− =. &k� �7&� �N�/�� �J ?9�- �)�F �FGH��4.

��>�?7:�	
��
� ��� |��� (13)L�7$� )1J�� '��F(�?� |�CF �GH�S�, ��� [&+�� u��3�� bc�m:�� '�� E

L� ��� a�,",7.�89:;
� ���-�� v�L` �� TA A�&a�N�� F��",7 �2���7 b�� 2( 0)T Tx A Ax Ax= ≥?9�%F ��2���7
��",7 �-�B �C+ �2,���� � 
T Oc� ����MAL���= �
3&:+7 �n� �:

0, 0.x A x∀ ≠ ⋅ ≠

�	
��
� ��� 10  �>�9_ �7���b�9k <��=�O� �NN�� ����0� ()! 6F(13).�� G�&_�/� �10� 
��� n&� �� �G�/��@ ���F
 ���>
�(12)�	
��
� ��W��O� ?F
 (13).

.4 �'��1QR ��2,�� 3���� ���0

�7���� ��Ws� }&M  
� ¡�B ]F�@ �EI&^ 6 �NI�bA x b⋅ =�89:;
�# 1 2 1nM M M− ⋅ ⋅ ⋅…1I9� *+ 
�V8��
� ��Ws� *+ ��Ws� ()!R x c⋅ =��� R'���� �� �7����� �89:;�  ! .

�>� �10  &�;�� ����#&��� ��(12)������� �89:;� �� �./- ( )mQ ∈M �?9�I ��S 

( )
0

T
cR

Q Ax b x c
   

− = −   ′    
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���( )nR ∈M �F �'���� �� �7����� �89:;� 1���u��3��( , )Tc c′G�R,¥ u��3�� TQ b��� nc ∈��
m nc −′ ∈�.�NI�� ?9�I n���J	� A�xN�� '�� z8�� ������
� �HI9.��� �?� �dF 

2 22 2
2 222( ) .TAx b Q Ax b Rx c c′− = ⋅ − = − +(14)

���>W�� v1� 
��� �?j8 ��T ��F(12)������ ��Ws� 1� *+ �F�I 

.R x c⋅ =

�7��k �	
��� ��� 1� �N� �./- �<�� vi`9#A x b⋅ =�89:;� �� Q������� )n�TQ Q I=(��F 
'���� �� �7����� �89:;�R?9�I ��S TQ A R⋅ =�8��� v1�3# F� 

A Q R= ⋅

�5k�� �#����� '7W>%"�'��1QR�2,�� 3� A"

���D�*�N�5T�,dD$�G (1958):

����nu ∈��&3�� QE� 1Tu u =.b��9LOF�! �89:;�  7W>-Householder u��3�� �E8�9
� u

�JH���# �87&�
� �89:;
�:

2 TH I u u= − ⋅(15)

����U��� ]�9��# b��9LOF�! ��89:;� l7�W�%:

(1°Hn9�>W�� �/>N��# [���-�  ! { : 0}Tx u x =�?� �:

( ) ( )(2 ) ( )TH x x u u x H x x u⋅ = − ⋅ ∧ ⋅ + ⊥

(2°H��&a�N�� �89:;� 
(3°H�?� �������� �89:;� 

( 2 ) ( 2 ) 4 4 .T T T T T T TH H I uu I uu I uu uu uu I= − − = − + =

 ����
� 1�3�� *+ ��7#&� �89:;� u�`b+ 6 b��9LOF�! �HI9� <�=�>% G�EI&^ ������� �&E:�� 6 f&�-.

����7<5�,= Householder-Businger-Golub 

	�e$c� �3�����89:;� �� �./- �b��9LOF�! 

1 1 1 1 12 , , 1.T m T
mH I u u u u u= − ∈ =�

?9�I ��S 

u

Hx

x
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1

1

0
.

0

H A

α × × 
 × × ⋅ =  
 
 × × 

�
�

� � �

�

(16)

U# �-,�b �Cj81A�89:;
� 6 �7F�� 
9W��� A�NI�� ?9�I �1 1 1 1 1( , 0, , 0)TH A e= α = α …G�mI� ?9�IF 
1 1 1 12 2H A Aα = = . �89:;W�� ]��� 1�3�� �?� �WB1H?9�I ?�  m�EI 

1 1 1 1 1 1 1 12 .TH A A u u A e= − ⋅ = α

b��E
� �?� �N! z�H-1 1
Tu A7 W�O �
�� 9! .�?� |�C �� ��N�>- 

1 1 1 1 1 1,u v v A e= λ ⋅ = − α

�#���� �7��Iλ�&3�� �� 1 2 1u =.
���� �b�_+ b���k� �7I&� |�¦ �N7-� �dF1α�N-j8 b��§ 

1 11 1 2sign( )a Aα = − ⋅ (17)

�W�J }�>� �N� �O9>¨ &IF�% c��k� �LN� ArNI �J �7�#�>� �&^ �7��W� $7Nr��1 1 1 1.v A e= − α.

�89:;
� }�>� ���#1H AU# ,�&- jAF1( )jH AAJb 
9W��� j�89:;
� �� A�89:;
�F 1H A'��
$�%&���.?9�I ��!�N� 

1 1 1 1 1
1 1

2( ) 2 , .T T
j j j j j TH A A u u A A v A v

v v
= − = − β ⋅ β =(18)


���� }�>� ���β������� �JH��� ����>d 

( )1 21 1
1 1 1 11 1 1 11 1

1 2 ( ).
2 2

T
Tv v A A a a−β = = − α + α = −α − α(19)

	��N�	�� �3���� �'�� �E#�>�� �7��W��� Q7/�- �
��#�� ��C �7�R,s� �89:;
�( 1) ( 1)m n− × −1;q P��F 
�89:;
� �� �F�� 
9W���F �F�� &�>�� h)S �L���1H A.vu��_ '�� 1;q �)�1

2
mu −∈�b��9LOF�! �89:;�F 

2 1 2 22 T
mH I u u−= −.lm-2 2(0, )Tu u=��F�>
� 6&^ }&m-F (16)�89:;
�# 2 2 22 T

mH I u u= −

'�� 1;.N8 
1

11
2

2 1 2
2

0
00

0 0 .

0 0
0 0

H H A H C H C

α × × × α × ×α × ×     α × ×    
    × ×= = =    
    

          × × 

�
��

�

�
� �

� � � �

�

�7����� �89:;� '�� 1;q ��W��� '�� �HI9.��� ()! ��#��d:
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2 1
T

n

Q

H H H A R⋅ ⋅ =…�		
		� 

QI&:% �N���I �)!FQR�89:;W�� Al� 2 1
T

nQ H H H= ⋅….

��'��:�� ���3_QR

}�>S <9E- �*F�� ���&
� 61α�JH��� �� (17)G�/I&E% $����I �)!F ( )m operations≈F �}�>� �7��
 b��E
�1 12/ Tv v�JH��� QI&^ �� (19)�7�_��# }�>S Q����I �W�8F 1WL� 9L8 ( )1 2, ,

( )j j n
H A

= …
�JH��� <��=�O�# 

(18)G�/I&E% $����I |�C �?j8 ( ( 1) 2 )n m operations≈ − ⋅ ⋅.

©�# G�/I&E% ���&
� ()! $����% ���7;2mn operations≈.QI&:��� '�� �9;0� �?j8 �T ��FQR�89:;W�� 
A$����I :

2 2 3

2

2( ( 1) 1) 2 / 3 ,

2 ( ( 1) 1) .

n n n operations when m n

m n n mn operations when m n

+ − + + ≈ =

+ − + + ≈

�

� �
 

�	
��
� 1� �:�B l� �:���� ()! �-b�Ed(13)P��F $����% G�/I&E% 2( /2 )mn operations≈}�>0 
�89:;
�TA AG�/I&E% $����% �WB 3( / 6 )n operations≈�89:;W��  �>�9_ QI&:% K���� TA A�?� z�H- �
QI&:���QR���I �:���� ()!  ª��«� ��9��� �9O� 6 ¡.

E��	7:�89:;
� ��W�� �L�8 ?9�% P�� ���0� 6A"�'�&1�L�"G����k ��/%&� ���>
� �1� �>.�>I i7-j8 �(12)<��=�O�# 
QI&:���QR
��
� �1� �� G	�# �	(13)G�&_�/� .����
� 1�/O '��8 

1 1 1

0 , 0

0 0

A b

   
   

= ε =   
      ε   

���εQE� �5�� �
�� 9! 2 epsε <�NM&�8� �C+ epsn&o P�� ��y� ��J
 �EN��# �I
���� ��#�>0� �L�8 �WR���� �.
�7��% ��#�>� c�&`j#)n
�� $I&E% ?F
('�� 1;q 

2

2

1 1 1
,

11 1
T TA A A b

 + ε  
 = =    + ε   

 

�	
��
� �1� '��IF(13)A�E�� ���0� ()! 6
2

1 2 2
1 1 ( ).

2 2
x x O= = = + ε

+ ε

7�0�  :¬ �WR���� ��EN��# �I
���� ��#�>0� c�&`+ �?� �N! z�H-2ε�89:;
� �� TA A	F ��#9�J 5@ �/;% |�)#F 
�	
��W�� ¢1� �r��N��# 2�N! ?9�I(13).
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�7���b�9k Q�/�% �?j8 �1#�E
�#Householder-Businger-Golub �N���% )7�0� ���j#2ε(:

1 11, (2, , 0) ,Tvα = − = ε …

'�� 1;q �I�LN�� 6F 
1 1 1

0 2 , / 2 .

0 0 / 2

TR Q b

 − − − 
  
 = ⋅ ε = ε 
     −ε   

��Ws� 1�  ��I 
1

2

1 1 1

0 2 / 2

x
x

− − −    
=       ⋅ ε ε    

���>W�� n&xN�� 1.�� G��7�` G�/I&E%.

.54'5�6$ ���+7 

.1.5 ����A x b⋅ = �I �WB �87&�� �7��k �	
��� ��� 
0.2170.780 0.563

, .
0.913 0.659 0.254

A b
  

= =      
   

10� ��Ws� ()! 1/E%(1, 1)Tx = −.����1 (0.999, 1.001)x = −F2 (0.341, 0.087)x = −

��Ws� ()4 ?�7�/I&E% ?�H� .h7&�-"fD�5"u��3�� xu��3�� i7-�# ( )r x b A x= − ⋅.

L�$M:�� GHB $>��1( )r xF2( )r x.­ �r��N�� '�� |E���% �� 
L���N�I:��F�>
� �7.� QE� 

1
659000 563000

.
913000 780000

A−
− 

=   − 

�W�J �7��F( )A∞κ.
L��	��I:�&:�� �� &7/�x x x= −
�� ��	�# $O�&�( )r x
.­ G	F� 6 (�Nx�	 n)�� lM9�� |�C �7M9I 1! 

.2.5 ����( )nA ∈M �G�EI&:% 1/E% �89:;� LR��� 1ij ≤�?�B G�I�1 j i n≤ ≤ ≤.U# ,�&-T
iaF

T
iuAJb &�O�� *+ i�89:;
� �� A�89:;
�F R$�%&��� '�� .�?� �!&# 

1

1

i
T T T
i i ik k

k
u a u

−

=

= − ⋅∑ �

�?� ��N�O�F 
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12 .nU A−
∞ ∞≤ ⋅ 

.3.5 ���� AFCK��7#&� K�89:;� .�89:;
� h7&�-R I CA= −.�?� f&�:-1R <��� �A�x- 9! 
�� ��89:;�.

L�$M:K�89:;
� �?� �!&#AFC�?�F ?��#9�J 
1

.
1

R A C R
A C C R

− −
≤ ≤

⋅ −
 

L���N�I:����x̂�	
��
� ��Ws G��/I&E% GH� A x b⋅ =.h7&�-ˆr b A x= − ⋅.������� �.`�&�
� �!&# 

ˆ
1
C rx x

R
⋅

− ≤
−

.4.5 ����( )nA ∈M ��#9�J �89:;� .1��.��� h7&�-A M N= −��� M�#9�J �89:;� .����F
������� �.`�&�
� i�`� �� QE.�% G��%�89:;� G�W�x- 

1
1

2
N

A−<

�?� �!&#1( ) 1M N−ρ <.

.5.5 L�$M : �>�9_ QI&:% $>��TA B B= ⋅�JH���# �87&�
� ���! �89:;
 

1 ,

1 , 3, 6, 9,12,15.
1 i j n

A n
i j ≤ ≤

 
= = + − 

 

L���N�I :�7���:�� A�E�� l� �I
���� �R��N�� ?b�J �89:;
� &��N�� B��JH���# ����
� 

2 1 ( 1)! ( 1)! .
( )! ( 1)!jk
k j jb
j k j k
− ⋅ − ⋅ −

=
− ⋅ + −

(20)

�7I9N�
� <�Jb�� 
�� ��)��	��� ��C(­
L��	��I :�-�B �C+B̂�&:�� $>�� ��7I
���� �r��N�� *+ ,�&% ˆ ˆTA B B− ⋅.G�mI� $>��F �&:�� 

TA B B− ⋅QI&:��� �89:;� ���� 6B��JH���# �87&�
� (20).

.6.5 ���� ( )ijA a=��7#&� �89:;� .U# ,�&-( )( )k
ija6 �7���E�-	� 1��&
� ��89:;
 ]F�@ �7���b�9k .i7-� �!&#

  R,s� �./�� �7�r�%�&�O� u�/7%� �N�
��� 6n&�E�� ,�%&
� )G�I
9W� �./��(�NI�� ?9�I 
( ) 1

, , ,
max 2 max .k n

ij ij
i j k i j

a a−≤ ⋅ (21)

?9�% �E#�>�� �.`�&�
� �?� �7�#������� �89:;
� ���� 6 ��F�>� 
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N. ODEH 

1 1

1 1 1

1 1 1 1 .

1 1 1 1

A

 
 − 
 − −=  
 
 
 − − − 

� � � � �
�

.7.5 ���� ( )nA ∈M ��/`9� �87&��F �&a�N�� �89:;� .
9`F f&�:-h�",7 4'�TO0 < β < α?9�I ��S :

,n T T Tx x x x Ax x x∀ ∈ β ⋅ ≤ ≤ α ⋅�

�/���?� 
, 1 , .ija i j n≤ α − β ≤ ≤

.8.5 ���� ( )nA ∈M ��.�?� �!&# 

[ ]
2

2 2( ) ( ) .TA A Aκ ⋅ = κ

.9.5 ���� ( )nA ∈M ��#9�J �89:;� .QI&:% �?� �!&#QR)���QF ������� R'���� �� �7����� (()4 
?9�I �89:;
�L�T��$ �F&3�� �E�E� �C+:

0, 1 .iir i n> ≤ ≤

.10.5 ����( )nG ∈M ��89:;� 1�3�� '�� $��% ��/`9� �87&��F �&a�N�� 

, ( ).mT

A B
G A

B C

 
= ∈ 

  
M �

L�$M:�89:;
� �?� �/��1TC B A B−−�/`9� �87&��F �&a�N�� .

�89:;
� QI&:% ���  �>�9_ �N!�� $>� G1�3��# �L�#��BF TG R R= ⋅.���R�� �7����� �89:;� 
1�3�� �� 1:O�� 

11
11

21 22

0
, ( ),m

R
R R

R R
 

= ∈ 
  

M �

L���N�I:�-�B �C+ i7-� �7�#N:;
� �?j8 �#9�JF ��7#&� �89:;� �89TN N�/`9� �87&��F �&a�N�� ?9�% .
L��	��I:�?� �!&#1

22 22
T TR R C B A B−= −.

L���0�5:K������� K�.`�&�
� �7.� �/�� 
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2
210
2

22
2

0

1min , 1 ,

max , 1 .

T

ii Tx

T

ii Tx

x G xr i n
x x R

x G xr R i n
x x

−≠

≠

⋅ ⋅
≥ = ≤ ≤

⋅ ⋅
≤ = ≤ ≤

L�+7�= :�?� �!&# 

2 1 ,
( ) max .ii

i j n kk

r
R

r≤ ≤
κ ≥ 







