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G� �"n�  

0 1/10

2/10 0
J
 −  =  −  

�0#�8+ G� ���3��
�2 /10λ = ±1>A £�� ���+ ( ) 1Jρ <1� ��+ j��5	3 �"n�  �5��X 1>�& .9�0  ��
��%
� �"n�  �&"��� �Om3 ��Z
� T�Z'� � 7����] 

0 10

5 0
J
  =  −  

N+�`� G��
� ���8 H��+( ) 50 1Jρ = >��C�\	� >"�3 �
�E� z�� � �"n�  �5��& 1� ��+ .


�)WX% 2:��	
ωL�5��
 ����	
� �&"��� SOR ���O /x(��� �-y �2 �A x b⋅ =.�&"��'� z�� �5)
R�%
� 

( ) 1ωρ ≥ ω −L

J
� �5��X 1>�& 71� ��+SOR � >"�3�C�\	�4�k"
� ���	O� g�^ ¤ �!S ωT�¥� �]0,2[.

���.9]�:

1>A d-��1 11( ) ( )D E D F− −ω
ω ωω = − ⋅ +L.���n �!�&( )iλ1>�& �&"��'� z�� ���3��
� d�5
� �C"#� G� 

1

1
1

det( )det( ) (1 )
det( )

n
n

i
i

D F
D E

−ω
ω

ω
ω=

+
= λ = = − ω

−∏L

1� ��+ 
1/

1
( ) 1 .

nn

i
i

ω
=

ρ ≥ λ = − ω∏L�

.1.3 ?��� 	�*,5
$	31 4��,��� 

5��
� 1>S ��
�		'� �0�& j��5	3 u
� �( )kx�E� "� x���3��
� ���:M�+ ���3��
� d�5
�� v
! �1-�	�+ 7����\`� ��15�� 
����	
� �&"��'B.m,� ¦"-k ��
k ke x x= −�E� de�� �	
� /x7�� 9� �( lS ���`� >"�� ���5�\ ?�2

9��J\��53 ���] 9T���r 9����3 1�n � m,� ��� s8�$	� :>A £�� v
! 1>�& ����5	� �������	
� �5��
� >"�3 ���$C i��A hd-�3
( ) 1Bρ <�a-� b�&"��� 9d�e� (" + G�	5� z�+�� ���+ R�%
� �5� 



���
� U���
�  10

© ISSAT, Damas, 2004 29 /02/2004 01:47 W

( ) ( ) 1, 0B B Bρ ≤ < ρ + ε < ε >

(�C (" + £�� ���+( ) 1Bρ ≤ δ <>"�� ?�@ 

1 , 0.k kx x x x k+ − −≤ δ ⋅ ≥(10)

(��-
 ���\��53 �#�8 ;��	
δ�J������	
� �8P�
� lS U1-	� 

1 1 1 1( ) ( ), 1k k k k k k k kx x e e B e e B x x k+ + − −− = − = ⋅ − = ⋅ − ≥

���5	
� T�#�	k�� �8P�
� z�� �$
 G2"3/�
1

1
, 1.k k

k
k k

x x
k

x x
+

−

−
δ = ≥

−

7��OA 9�0  �� 1>A �$��	&� �!S (10)�55� 1>�& 

1 1k k kk k kx x x xx x x x x x+ +− −− − −≥ − ≥ −δ ⋅

	
��+J��

1
1

1
k kk x xx x + −− ≤

−δ
+A 

1 1
1

k k kx x x x+ +
δ− −≤
−δ

>"�� ���$C i��A �a ��	'� z�� ���\31δ ≈��§�� �������	
� �5��
� j��53 >"�� .���
� >"�� �
�E� z�� �+
1k kx x+ −G-��
� m,� �� �Z�� �wYA 1kx x+ −.

•4��,��� 
$	3 

C <�  >A ��5�
� z�� � ������
�	
� ;
¨�`	
� _-J�:

•� �$���� 9�18�� U�	#	� ©��53 1�2 _-C T"�a-
 ���P
� /�����	
� (�C "� �� 

•���,� /x(��'� �-y 1�2 � �+�= �5��X T�#�	k� _-C �P���� �������3 9�5��X T�#�	k� >"�� ª�
A x b⋅ =�

�C ?a\� 7T�+M� T¨�`	
� _-C ��� «
 9�#�8 m���$C >"�� 

0mx x x x− ≤ ε ⋅ −

�1Z{ ?�2ε����	
� lS ��� ���$C G���	�x� m,� ��5�S �¬ ���� u
� �\`$
� m.c< "� c(�C f� + �!�&1δ <?�@
 /�a ��	'� �5a	3(10)<	�� >A U�	`� �$��& 
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0 , 0m
mx x x x k− −≤ δ ⋅ ≥

��
�-
 �#�8 �wYA 79���$C ��	KmR�%
� �5) :
mδ ≤ ε

pNA 
ln .
ln

m m∗
 − ε≥ ≡ 
 − δ 

(11)

���5'� U� ��`�C <k�$	� ��"-'� �18�
� lS T"Y"-
 W�P
� /�����	
� (�C 1>A �8P�
� z�� �� ���\	�ln− δ.

���Zn ��1O /x(��� �-#. 9�2 (�^� � �0���	`� 7�5��`
� �8P�-
 �ZnA 9�
x( ��C A x b⋅ =)�0	&"��� 
A��Zn �����YA N") x(4#$
� �� �������3 �5��� (1)+/�����	
� (�C �C ?a\�m�a ��	'� �5a	3 G�
 W�P
� :

610mx x
x

−∞

∞

−
≤ = ε(12)

���n �!�&( )nA ∈M �"� �2�+ c����3 �0\1-	� u
� /���-#�
� (�C 1>�& 2nR�%
� �15a	� _�	2 1� ��+ ���-#C (12)

N+�`� /�����	
� �� c(�C �$��-� 
6 ln10

ln
m∗

 =  
 − δ 

(13)

� ��� ���5�T(��� �����`E� /�®J�-#�
� �� c(�C /�����	
� �� (��
 

2 26 ln10
ln

m n n∗  ⋅ = ⋅ 
 − δ 

j��5� /�®J�-#�
� �� c(�C <1-	� ����¥� L�2 � �+�= �5��X W���	k� 1>A d-�� 7��OA 9�0  ��3 / 3n7�®J�-#C 

���& �ZnA >"�3 �������	
� �5��
� 1>�& 1� ��+���R�%
� �5) �!S 

2 3 / 3m n n∗ ⋅ <

+A 

/3m n∗ <(14)

J��Q%:��	
 51( )A ∈M �.9���$C �\��R�%
� (14)17m∗ <.8 <�3�	� 7��	
� T+�.� � 7�$#8 d�m∗

����#-
 ��-	¯ 9d�5
 �5&�"'�δ.&>"�� ���$�0.44δ ≤�5��X �� ���
���& �ZnA �������	
� �5��
� >"�3 T�Z'� ��\k _-C
����¥� L�2 � �+�=.
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ln

0.9 0.105 131

0.8 0.223 62

0.6 0.511 27

0.4 0.916 15

0.2 1.61 9

m∗δ − δ

 

lS �$� z�"$� >"�3 u
�+ ��\�
� ���,� /x(��'� �y �
�2 � �������	
� ����
� W���	k� N�^ >��2M� <-=A � i��A
�#�8 >"�3 �� ��\
�= �
�E� z�� � i��A U�+ 7���YM� ��Zn �0	&"���δ�� ���  �\��8 1
� �J�
���& 1>�& �������	
� ����

�8�"�	� _5\3 �2�	'�.

m,� �0�& _�`� u
� �C�`
� TPO �� ��OA �C �������3 ��5��X ���° o>A �$
 ��{k ke x x= −���
� "� .�$�A�
 ���n �!S i��AB1>�& �� 9�5��
 ����	
� �&"��� G� 

0
k

ke B e= ⋅

>"�� �a-� b�&"��� d�e� W���	k��+0k
k ee B≤ ⋅>"�� 1� ��+ 

0 0

0

0 00 0 0
max max .

k
kk k

e e

ee B e
Be e e≠ ≠

⋅
≤ = = (10)

L����?��� ^L�)5 /�31�k����3 ��
�	
� �8P�
�� 
1/

0

k
ke
e
 σ =   

�$��
 �$� 1/ .kkBσ ≤.

G�	�5 :�G#`�/�3(�� J�*��� ��� j��5	-
 kG5�5E� (��
� ����3 
1/

( ) ln .
kk

k B Bℜ =−

��� j��5	-
 Gk"
� T���'� 1>A �$� �2P�k����3 /�����	
� (�C U� ��`�C c<k�$	� mO _-C T"�a-
 ���P
� 
��$��� �18( �+�D	� x �E� �.�#�8 ;��	
 7U8�"
� �k>"�� ?�@ 

0

ke
e
≤ εJ
 �#�8 �wYA �C ?a\� kR�%
� �5) 

kB ≤ εR�%
� +A 7
1/ 1ln ln
kkB

k
− ≥− ε

R�%
� �  1� ��+ 



13 �J�1,� /x(��'� �f#h 1�2 � �������	
� �J���
� 

N. ODEH 

1/
ln ln .

( )ln
kk k

k
BB

− ε − ε≥ =
ℜ−

(11)


H!:% :�0$� 7±+�`'� �� ����
� H���	
� ���:

�(��
�� �1-�	� j��5	
� T���� k7�#�	`'� d�e$
��+ 
����5#-
 ���(��
� �#�5
� ;��3 1/kkB��(�C i��`@ W"5� x+ /���-#�
� (�C ?�2 �� cH-�� .

H���3 lS mD-� v
�
j��5	-
 j��5� T����7� ?a\� o>A 7��rj��5	-
 Gk"
� T���'� ���� ���k����3 
_�`� ���$C ����P
� lS /�����	
� (�C.

u
� ��Y�,� �
�E� ���²�$	� ����	
� �&"��� �0�& >"�3 )���	����(�$��
 >"�� :
1/ 1/ 1/
2 ( ) ( ) ( )
k k kk k kB B B B   = ρ = ρ = ρ      

>"��+ 

( ) ln ( ).k B Bℜ =− ρ

� j��5	-
 Gk"
� T���'� >"�� �
�E� z�� � 7>!S ��k����3 N+�`�+ ��	��] ln ( )B− ρ.

G�	�5:�G#`��%�J�*5,�4� �0	&"��� �������3 9�5��X BG5�5E� (��
� 

( ) ln ( ).B B∞ℜ =− ρ(12)

1>A �$� �2P� �� H���	
� ��� ���"���
�	
� ��Y�,� :
1/

lim ( ).
kk

k
B B

→∞
= ρ


�)WX% 3:/�����	
� (�Ck�0	&"��� �������3 9�5��
 G���	�x� m,� ¡�, W�P
� B�\`$� ε(�C �wYA "� 
R�%
� �5� ��aY 

ln .
( )

k
B∞

− ε≥
ℜ

(13)

���.9]�:

1>A �r( ) ( )k k kB B Bρ = ρ ≤1>�& 1/( ) kkB Bρ ≤>"�� 1� ��+ 1/
ln ( ) ln

kkB B− ρ ≥−

��%
�� <	�� N�
�+ 

( ) ( ).kB B∞ℜ ≥ ℜ

�8P�
� _-C (�#	Cx��+(11)³	$	`� �a ��	'� ��aY (13).�
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�H!:%
:���$C ���O /x(��� �-y �E >�	J������3 >�	5��X �$��
 �&�"	3)1�n � ����	
� j�`2 ��-n >"�3 ?�@
����5	� �#0$�(�$��& ��_ )�����(�5��
� >"�� u
� �*�% J`�,5��nA .���-#�
� ��2�$
� ���#�8 ;��	
 7

( ) ln ( ).B Bℜ =− ρ�5
� H�$
 ��� 9���5	� G�	�� ����	
� �&"��' G��
�( )Bρ.TPO �� 7��52x ��$k 
�#�8 1>A ���-���	
� /x(��'� U�5	� �51-�	'� �-Z�M� ¡��( )Bρ�� �\��8 >"�3 �� ��\
�= 1�PZ#& 7>"�� ���$C 

( ) 1Bρ = −η1>�& 

0
( ) ln(1 )Bℜ =− −η η∼

>"�� 1� ��+ ���
� �� c<��8 (��
� ���+���5'� ln / ( )B− ε ℜ���\n .

.2.3 ��!�

;(��% 'Ea�� E	�L ��b	��@% 

G�	�5 :�&"��� �C T"5�( )nA ∈M �/�! �0��S	��@% Ea�� E	�L6�%�D S 45&+ �!S ����
� ���8 �Y�$C �5152 �!
�J�
�	
� R+�%
�:

, 1 .ijii
j i

aa i n
≠

> ≤ ≤∑(14)

�$��� dk�� hL��3 N(��
� G1,� �.� � ����� 9�D�	$� ��`'� ����
� �5
� W"0�� 4\3��Gershgorin . (��)
' ���3��
� d�5-
 ���-´� /����"	
� �$��'� z�������� �&"�� AN�5�
� N"	`'� �.�5$� ���) lS >��2M� ¡�� � ��	�

 �&"��'� �Y�$�
 �$	&��� T�#�	k�� d�5
� z�� U��"3A.��
�	
� �a ��	'� /����a	
� z�� 4`�A �� 7�PZ#&:

i Aλ ≤

!+ b�&"��'� d�e$
� >�n ���A v
.�$��� ��(�+�3GershgorinN�5�
� N"	`'� � ���3��
� d�5
� *��"	
 ��&A 9���a	� .


�)WX% 4(Gershgorin) :��	
( )nA ∈M k����5C +A ���5�52 ���Y�$C �&"��� .���n �!SSp( )Aλ ∈

F��
( � "� 9���$C 7�&"��'� z�� ���3�! �#�81 i n≤ ≤>"�� ?�@ 

1
.

n

ii ij
j
j i

a a
=
≠

λ − ≤∑

�&"��#-
 ���3��
� d�5
� U�y 1>A NAA���8M� *�#	 � � �(" "� { : }iji ii
j i

aD z z a
≠

= − ≤∑.

���.9]�:

���
 0v ≠���3��
� �#�5-
 ��5&�"� ����3�! ��C��: λ.���
+1 i n≤ ≤>"�� ?�@ 
, 1 .i jv v j n≥ ≤ ≤
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�5��'� ��Av v= λ�  
( ) .ij j ii i

j i
a v a v

≠
= λ −∑

� ��X d�`5	� _-C �5��`
� �8P�
iv_-C ��� ���Z-Z'� �a ��	'� W���	k��+ 

.j
ii ij ij

ij i j i

v
a a a

v≠ ≠
λ − = ⋅ ≤∑ ∑�

���8M� _�#`3{ : }iji ii
j i

aD z z a
≠

= − ≤∑���8A Gershgorin . 1>A �5��`
� �$��'� ���"3

1Sp( ) nA D D⊂ ∪ ∪�.>�n �!S 7����] 9�0  �� N"� ��5
� ��� 1>�& ���8M� ���5� �C �x+��� ���8M� z�� �2A
��2�+ ���3�! �#�8 ����[.


�[��\:���n �!S ( )nA ∈M k��"-8 �&"��'� z�� 1>�& ����[ ��`� 9���� 9�8 /�! �&"��� .

���.9]�:�&"��'� 1>A �rA/�! 9�8����[ ��`� 9���� ���8A *�#	 � 1>�& Gershgorin 1>A NA ���
� N"� x �� 
�#�5
�0λ =�&"��'� z�� ���3�! �#�8 �`�
 .*��: (�^� ��{ x 1� ��+ 0v ≠>"�� ?�@ 0Av =���+ 

�&"��'� 1>A £��A��"-8 .


�)WX% 5:���n �!S( )nA ∈M ���`� 9���� 9�8 /�! �&"��� ����[ �-#.� 1�2 � �������	
� �"n�  �5��X 1>�& 
���,�A x b⋅ =j��5	3 .

���.9]�:

�
�E� z�� � �$��
1 1 ( )J M N D E F− −= = ⋅ +.R�%
� G�	5�(14)>"�� o>A :
1 1 , 1 .ij
ii j i

a i n
a ≠

< ≤ ≤∑

�a ��	'� ��aY G�	5� z�+�� ���+1max 1ij
i ii j i

aJ
a∞

≠

 = <   
∑.�


�)WX% 6:�'Y ���n ( )nA ∈M �/�! �&"��� 	��@% Ea�� E	�L6�%�D >�n+ 0 1< ω ≤�5��X 1>�& SOR 
���,� �-#.� 1�2 � �������	
�A x b⋅ =4�,�5.

���.9]�:

�5��X ����3 �&"��� 1>A d-��SOR��%
�� <	�3 
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1

1 1 1

( ) [(1 ) ]

( ) [(1 ) ]

D E D F

I D E I D F

L −
ω

− − −

= − ω ⋅ ⋅ − ω ⋅ + ω ⋅

= − ω ⋅ ⋅ − ω ⋅ + ω ⋅
 

U�"�1L D E−=+1U D F−=>"�� 

1( ) [(1 ) ]I L I UL −
ω = − ω ⋅ ⋅ − ω ⋅ + ω ⋅

�&"��' ���#'� (+�E� �Zn 1>A �  v
! ������	
� Lω��%
�� <	�� 

( ) ( )
( )
( )

1( ) det det ( ) [(1 ) ]

det ( ) (1 )

det ( 1)

( 1) det
1 1

n

p I I I L I U

I L I U

I L U

L UI

−
ωλ = λ ⋅ − = λ ⋅ − − ω ⋅ ⋅ − ω ⋅ + ω ⋅

= λ ⋅ − ω ⋅ − − ω ⋅ − ω ⋅

= λ + ω− ⋅ − λω ⋅ − ω ⋅

 λω ⋅ ω ⋅ = λ + ω− ⋅ − −   λ + ω− λ + ω−

L

U�� 

,
1 1

λω ωα = β =
λ + ω− λ + ω−

>"�3 79���$Cλ����	
� �&"��' ���3�! ��#�8 LωpNA 7( ) 0p λ =;X�%
� �� �2�+ �5) �!S :

1 , det( ) 0.I L Uλ = −ω −α −β =

1>A B�	�$
λ�&"��#-
 ���3�! �#�8 Lω�5) 1λ ≥.'� �� i��A �
�E� z�� � ��� >"�� >A ��a	`
1λ = −ω)1>M1 1λ = −ω <(.��Z
� R�%
� �5) �
�a	k� ����A ���$
det( ) 0I L U−α −β =.
U�� 

, 1.ia e aθλ = ≥

>"�� ���$C 
2 2

2 2
2 2 2( cos 1) sin

a
a a

ωβ ≤ α =
θ + ω− + θ

�$��
 7��
+ 
2 2 2 2 2

2 2 2

( cos 1) sin 2 (1 )cos (1 )

2 (1 ) (1 ) ( 1 )

a a a a

a a a

θ + ω− + θ = − −ω θ+ −ω

≥ − −ω + −ω = − + ω

�
�2 G�&1a >+0 1< ω ≤>"�� :
( ) ( )

( )2 2 2

(1 ) 1 1

( 1 )

a a a

a a

⋅ − ω > −ω ⇔ − + ω > ⋅ ω

⇔ − + ω > ⋅ ω
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1>A �\k �µ ³	$	`�1β ≤ α <.

�&"��'� 7��OA 9�0  ��1D A I L U− = − −)�&"��'� T�2 G� �#nA(�! 7����[ ��`� 9���� 9�8 /
�&"��#-
 �\`$
�� T�E� v
�n+I L U−α −β�&"��'� �C ³	$3 u
�+ I L U− −���5
� �= �Y�$�
� gj��� 

����[ ��`� 9�8 /�! >!S G0& 7�5-'� �#�5
�� �2�"
� �+�D	3 x 9(��Cm� .���+ ��"-8 G0& 1� ��+1>A £�� 

det( ) 0I L U−α −β ≠

j"-'� "�+.�


�H!:%:
)WX��6�"k �`�
 �5��`
� Ec�8 d	e �5��X j��5	
 SOR ���O �-y �
�2 �A x b⋅ =�0	&"��� 
��`� 9���� 9�8 /�!����[ j��53 W�C �\Z3 x G0& �5��XSOR >"�� ���$C 1ω >.j��53 ��	
� T�Z'� ���\�

 �5��XSOR ���n ���A �#�8�4�k"
ωT�¥� �0 2< ω <��,� �-#.� �&"��� 1>A ��#-C A x b⋅ =/�!
����[ ��`� 9���� 9�8.

2 1 1
2,

0 5 0 1
A ω

ω   − ω −    = =        − ω  
L

�&"��#-
ωL��C��� ���3�! �#�8 G�1λ = −ω.7>!S �5��X j��5	3 SOR �
�E� z�� ��!S15) R�%
� �
1 1−ω <pNA 0 2< ω <.

.3.3
�. (% 
�;�	���1 f	g��)��� ��;(���� 
���! 

��� �0	&"��� �J��O /x(��� �-y �
�2 � ��5��k ���$��C u
� �������	
� ����
� �C"#� j��53 ��5�
� z�� � �
�J\ "� �J&����+ ��²�J$	�.


�)WX% 7:��	
( )nA ∈M ��&"��� f	g�)�%1
. (% 
;	�% .���
+A M N= −i�& �P�-) ��'� �&" M

�(+L.�'Y ��²�$	'� �&"��'� 1>A �$��	&� TM N+
. (% 
�;	�% �>h; 

1( ) 1M N−ρ <

���.9]�:

�&"��'�TM N+1>M ��²�$	� 

.T T T T TM N A N N A N N M N+ = + + = + + = +

1>A >�� ���$
1 1M N− <⋅GC��%
� d�e$
�� �a-'� b�&"��'� d�e$
� �
�2 �:
1/2: ( )n Tv v v Av∈ =� �

�$��
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1 1 1

1
sup
v

M N I M A v M Av− − −

=
⋅ = − ⋅ = −

U��1w M Av−=.<	�� >A U�	`� 9���$C 
2 2

2

2 ( )

T T T

T T T T

T T

v w v v Aw w Av w Aw

v w M w w Mw w Aw

v w M N w

− = − − +

= − − +

= − +

>"�� 71� ��+ 
11 1v v M Av−= ⇒ − <

�&"��'� 1>M v
!+TM N+pNA 7B��
� <`2 �\ "� �&���� :
10 0 ( ) 0.T Tv w M Av w M N w−≠ ⇒ = ≠ ⇒ + >

��\	
� 7����] 9�0  ��1nv v M Av−∈ − ∈� � �_-C c�#	`� ��Y��	'� �C"#¥�
{ : 1}nS v v= ∈ =���2S �$C _-CM� z��2 ~-\� "0& N+��
� �`
� R�5�S� "� i��A ��r v S∗ ∈>"�� 

z�$C 
1 1

1
sup 1.
v

v M Av v M Av∗ − ∗ −

=
− = − <

j"-'� "�+.�

i����\ 

����n �!S ( )nA ∈M ��&"��� 
. (% 
;�	�%1 f	g�)�% �5��X 1>�& SOR >�n ���A j��5	3 0 2< ω <)9i "�
 ���$C 7��O1ω =�+�= �5��X j��5	3 �T���k(.

���.9]�:

����	
� 1>A d-��A M N= −�
�2 �SOR��%
�� <	�� 

( ) ( )1 1M N D E D F−ω
ω ω− = − − +

�  i$�+ 
1 1 2T TM N D E D F D−ω −ω
ω ω ω+ = − + + =

>M v
!+TD D=+TE F=.�&"��'�D�\ "� �1&���+ ��²�$	� �&"��� G� )+A ��5� ���n ¶��"k
��-	gn(�&"��'� 1>�& 1� ��+ TM N+>�n �!S 45&+ �!S �\ "� �&���� >"�3 0 2< ω <._-C (�#	Cx��+

 
)WX��7j"-'� �d	� .�
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����n �!S ( )nA ∈M ��&"��� 
. (% 
;�	�%1 f	g�)�% �&"��'� ���n+ 2D A−
. (% 
;�	�% �5��X 1>�& 
�"n� )���-	�
� +A ���5$
�(j��5	3 .

���.9]�:

$��
 >"�� �
�E� z�� ��

2 2TM N D E F D D E F D A+ = + + = − + + = −

+��(�#	Cx _-C 
)WX��7j"-'� �d	� .�

.46���+�78 
�	�,�� 
���9:9 ��;(���� 
���! 

G�	�5 :�&"��� �C T"5�( )nA ∈M ��0��S6��+�8 
��	�,�� 
��9:9��%
�� <	�3 ���n �!S :

11 12

21

1,

, 1 ,

p p

p p p p

A A

A
A

A

A A
−

−

      =         

� �

� �
 

?�2iiA(1 )i p≤ ≤�0	\3�� ������ �&"��� in�5)+ 
1

p

i
i
n n

=
=∑.

��%
� �� G-	�
� ��-a	
� ����A �$� �#�	`�A D E F= − −?�2 D�-	n ���8 �&"��� �����8 �1�%	�
 ����
� /�&"��'� ��( )1ii i pA ≤ ≤7E+ ��kM� �� ���Z-Z� �&"��� F_-CM� �� ���Z-Z� �&"��� .


�)WX% 8:��	
( )nA ∈M ��&"��� ���
+ 7���-	n ����5
� ���]P] ∗µ ∈ �.L����:

1( )A D E Fµ = − µ −
µ

>"�� ���$C 
det ( ) det .A Aµ =

���.9]�:

���-	n ����5
� �&"��'� L���� 
1

p
p

I

S

I

 µ     =      µ   

�

?�2iI�\3�'� �� �5��� �&"��� �1Z[in.�$��
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2
1 2det det( ) det( ) det( )

0.

p
p

k

S I I I= µ ⋅ µ µ

= µ ≠

�

?�2 
1 22 pk n n p n= + ⋅ + + ⋅�

1>A �$� �2P� 
1

1
1

p
p

I

S

I

−

−

−

 µ     =      µ   

�

�  ���-	n /�&"��'� j�� ���-#C ��� �� 7i$�+ 

( )

( ) ( ) ( )

1

1 1 1

1

,

.

p
i

ij j ii i ii
j

ip

j jj ijji ijij

S A S A S A A

S A S S A S S A S A

=

− − −

=

⋅ = ⋅ = ⋅ = µ

µ⋅ ⋅ = ⋅ ⋅ = ⋅ ⋅ = ⋅
µ

∑

∑

� � ��

��
�

1>A �$� �2P� 

( )
( )

( )

( )

1

1
, 1, 1

1
, 1, 1

1
,

, 1, ,

, 2, ,

1 , 1, , 1

0, 1.

iiii

i ii i

i ii i

i j

S A S A i p

S A S A i p

S A S A i p

S A S i j

−

−
−−

−
++

−

⋅ ⋅ = =

⋅ ⋅ = µ ⋅ =

⋅ ⋅ = ⋅ = −
µ

⋅ ⋅ = − >

…

…

…

��$��� �8 >"�� v
��+��+�`'� 
1( )A S A S−µ = ⋅ ⋅

i$�+ 
1det ( ) det( ) det .A S A S A−µ = ⋅ ⋅ =

j"-'� "�+.�


�)WX% 9:��	
( )nA ∈M ����5
� �	�
� >"�3 ?�@ ���-	n ����5
� ���]P] �&"��� )/�&"��'�iiA(��"-8 :

����n �!S λ��-	g�
� �"n�  ����3 �&"��' ���3�! �#�8 1( )J D E F−= +1>�& −λ�#�8 ����A >"�3 
�&"��'� z�� ���3�!.

��5��X ¦�	%3�"n�  �5��X U� ���-	g�
� �+�= �T���k���-	g�
� j��5	
� ���\X �)����5	3 ��C�\	3 +A����(.
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	��+�= �5��X j��53 �
�2�g� N+�`� �¬��53 T���� 1>�& ���-	g�
� T���kp�·��"n�  �5��X j��53 T���� G
NA 7���-	g�
� 

1( ) 2 ( ).J∞ ∞ℜ = ⋅ ℜL

���.9]�:

����
 ( )JP λ�"n�  ����3 �&"��' ���#'� (+�E� �Zn 1 1J D E D F− −= +.�$��
 
1 1( ) det( ) det( )JP I J I D E D F− −λ = λ − = λ − −

i$�+ 
1 1det ( ) det det( )JD P D I D E D F− −⋅ λ = ⋅ λ − −

��\	�
)WX�� 8�&"��'� _-C D E Fλ − −U� 1µ =−�  
det ( ) det( )

( 1) det( )

( 1) det ( ).

J
n

n
J

D P D E F

D E F

D P

⋅ λ = λ + +

= − −λ − −

= − ⋅ −λ

1>A �r+det 0D ≠1>�& 

( ) ( 1) ( ).n
J JP Pλ = − ⋅ −λ

����#'� (+�E� �Zn >�� ���$
 1P�+�= ����3 �&"��' �T���k1
1 ( )D E F−= − ⋅L:

( )1
1( ) det ( ) ,P I D E F−λ = λ − −

>�n �!�&0λ ≠<	�� >A U�	`� 
( )

( )( )
( )

1

1/2 1/2 1/2 1/2

/2 1/2 1/2 1/2

det( ) ( ) det ( ) det( )

det

det .n

D E P D E F D E F

D E F

D E F

−

−

− ⋅ λ = λ − − = λ − λ −

= λ λ − λ − λ

= λ λ − λ −λ

 

W���	k��+��
)WX 8�  

( )1/2 1/2 1/2
1/2

1/2

det det

det ( ).J

FD E D E F

D P

 λ − λ − = λ − −  λ
= ⋅ λ

>"�� 1� ��+ 

( ) /2 1/2
1det ( ) det ( ).n

JD E P D P− λ = λ ⋅ λ
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��
+�$��
 

1
det( ) det det 0,

p

ii
i

D E A D
=

− = = ≠∏

>"�� 1� ��+ 
/2 1/2

1( ) ( )n
JP Pλ = λ λ

���n �!S i��A �8P�
� z�� �� ³	$�0α ≠�&"��#-
 ���3�! �#�8 1L1>�& 1/2β = ±α���3�! ��#�8 >"�3 
�&"��#-
J.���n �!S 7���
��+0β ≠�&"��#-
 ���3�! �#�8 J1>�& 2α = β-
 ���3�! �#�8 >"�3 �&"��#1L.

1>A 7�\k �µ ³	$	`� 
2

1( ) ( )Jρ = ρL(15) 

1� ��+ 

1( ) 1 ( ) 1.Jρ < ⇔ ρ <L

�+�=+ �"n�  �	5��X 1>A pNA����� >��C�\	3 +A ���� >����5	3 ���-	g�
� T���k.

	�8P�
� ��(15)�$��
 
2

1 1( ) ln ( ) ln ( )

2 ln ( ) 2 ( ).

J

J J
∞

∞

ℜ =− ρ =− ρ =

=− ⋅ ρ = ⋅ ℜ

L L
(16) 

�+�= �5��X j��53 1>A �$� �2P�����-	�
� �"n�  �5��X j��53 �� ;3��� *�kA ���-	�
� T���k �
�2 �
����5
� ���]P] /�&"��'�.�


�)WX% 10 : ��	
( )nA ∈M ����5
� �	�
� >"�3 ?�@ ���-	n ����5
� ���]P] �&"��� )/�&"��'�iiA(��"-8 :

•���n �!Sλ�"n�  ����3 �&"��' ���3�! �#�8 J>�n+ 7η�8P�
� �5� c(�C :
2 2 2( 1) .η+ ω− = ηω λ(17) 

>"�3 9���$Cη�! �#�8 �&"��' ��+��� �= ���3
�����	ωL.

•���
�� ���n �!S 7η����	
� �&"��' ��+��� �= ���3�! �#�8 ωL���n+ λ�8P�
� �5) ���(�C �#�8 (17) 
1>�&λ>"�3 ���3�! �#�8 9�§$�2����	
� �&"��' J.
���.9]�:

����	
� �&"��' ���3��
� d�5
�ωL���#'� (+�E� �Zn �+�  G� :
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( )( )1( ) det ( ) (1 ) .P I D E D F−
ω η = η − − −ω + ω

�$��
+ 
( )
( )

det( ) ( ) det ( ) (1 )

det ( 1) .

D E P D E D F

D E F
ω− ω ⋅ η = η − ω − − ω − ω

= η+ ω− −ηω −ω

��$Z	k��+ �
�21ω =)�+�= �
�2���5��k ���$.�C u
� T���k(1>�& 0�&"��#-
 ���3�! ��#�8 ��
 ωL1>M 7:

( )
1

det (1 ) (1 ) det 0.
p

n
ii

i
D F A

=
−ω + ω = −ω ≠∏

71� ��+ 

( ) 1/2 1/2
1/2 1/2

/2 1/2
1/2 1/2

1 1det ( ) det

1 1detn n

D E P D E F

D E F

ω

   η+ ω−   − ω ⋅ η = η ω −η −      η ω η    
 η+ ω− = η ω − η − η ω η 

��\	�+
)WX�� 8�  

/2
1/2

/2
1/2

1det( ) ( ) det

1det .

n n

n n
J

D E P D E F

D P

ω
 η+ ω−  − ω ⋅ η = η ω − −   η ω 

 η+ ω−  = η ⋅ ω ⋅ ⋅    η ω 

1>A �r+det( ) detD E D−ω =>"�� 

/2
1/2

1( ) .n n
JP Pω
 η+ ω−  η = η ⋅ ω ⋅    η ω 

���n �!S i��A ³	$	`�η�&"��#-
 ��+��� �= ���3�! �#�8 ωL( 1)ω ≠1>�& 1/2
1η+ ω−

η ω
���3�! �#�8 G� 

�&"��#-
J.���n �!S 7���
��+ λ�&"��#-
 ���3�! �#�8 J�#�5
� ���n+ ηR�%
� �5) 
2

2 2( 1)η+ ω− = ω λ
η

1>�& η�&"��#-
 ���3�! �#�8 >"�3 ωL.�


�)WX% 11 : ��	
( )nA ∈M ����5
� �	�
� >"�3 ?�@ ���-	n ����5
� ���]P] �&"��� )/�&"��'�iiA(��"-8 :

��' ���3��
� d�5
� U�y ���n �!S �� �Pn 1>�& ���5�52 ���-	�
� �"n�  ����3 �&"�"n�  �5��X+� �5��X 
SOR

6��% >���,�5 +A 6��% >�*$�.�5.

� "3 7j��5	
� �
�2 �
��+Q%j 
��L∗ω�8P�
�� _�3 
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2

2

1 1 ( )J
∗ω =

+ − ρ
(18) 

���5'� ���( )ωρ L1>A pNA 7����wYA 

0 2
( ) min ( ) 1∗

∗
ωω <ω<

ρ = ρ = ω −L L(19) 

���.9]�:

���n �!S i��A ��5��k ��$���λ��-	g�
� �"n�  ����3 �&"��' ���3�! �#�8 J1>�& �−λ�� ���3�! ��#�8 ����A >"�3 
)
)WX% (8.��	
 η�&"��#-
 ���3�! �#�8 ωL>"�3 9���$C 7η�
(��#-
 �P2 

2 2 2(2 2 ) ( 1) 02η + ω− −λ ω η+ ω− =(20) 

���:S /����w	� �1-�	3 x �
(��'� z�� T"-2 1>A �$� �2P�λ5� 45& �1-�	3 �#��S+ G��� <\`
� ���+ 7�5-'� �0	#�
 /����w3 ���� >Aη>"�3 ���$C 0 ≤ λ.

�
(��'� ���µ <	��(20)��%
�� 
2 2 2 2

2 2 2 2

(2 2 ) 4( 1)

( 4 4).

∆ = ω− − λ ω − ω−

= λ ω λ ω − ω+

���:�&∆���5'� ���:S �� 2 2 4 4λ ω − ω+����Z
� � ��
� �� (+�2 G]P] �1Z{ z�+�� N�
� �ω"� ��	�'� z���µ
24(1 )δ = −λ.

•
���! ( ) 1Jρ ≥

���3�! �#�8 1�8M� _-C ���$C � "�λ�&"��#-
 J�5) 1≤ λ>"�� ���$C+ 0 ≤ δ>"��+ 
2 20 ( 2)≤ ω ω− ≤∆�
(��#-
 >"�� 1� ��+ (20) ;�5�52 ����  2 1η ≤ η>"��+ 

1

2 2 2 2 1/2

2 2 1/2

2

( )

1 1( 2 2) ( 4 4)
2 2
1 1( 2 2) ( 4 4)
2 2
1 1( 2 2) (2 ) 1.
2 2

ωρ ≥ η

= ω λ − ω+ + ωλ ω λ − ω+

≥ ω − ω+ + ω ω − ω+

= ω − ω+ + ω − ω =

L

& �"n�  �5��X /�C�\3 �!S i��A v
! �� ³	$	`�� �5��X 1>� 
SOR ����A �C�\	3 )4�k"
� �#�8 ���n ���Aω(.

•
���! ( ) 1Jρ <
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>"�� �
�E� z�� �0 ≤ δ���f#h#-
 >"�� 1� ��+ ∆;�5�52 ����  :
2

1 2 2

2

2 2 2

2 2 1 2

1 1

2 2 1 2

1 1

 − −λω = = λ + −λ + −λω = = λ − −λ

N+�`� �#0C"#� 1>M >�\ "� >���.� >���+2
4
λ

����A N+�`� �¢¨�� + 2
4
λ

.U� ����.� ���� ����5r1ω =+
2ω =�  

1 20 1 2 .< < ω < < ω

1>A �r+0 2< ω <���:S /����w3 >"�3 ∆��	
� "a$
� _-C T�¥� ��� G8 

10 1 2

0 0

ω ω

∆ + −

1ω < ω

>"�� �
�E� z�� �0 >∆���3��
� d�5
� >"�3 ���$C+ ( )η λ
�&"��#-ωL>"��+ �Z� �̧Z� �5&��	� ����5C 
�
(��#-
(20) N+�`� �¢¨��  ;5&��	� ;��5C ����  2( 1)ω−1� ��+ 

1 1.η = ω− <

10 < ω < ω

>"�� �
�E� z�� �0 ≤∆���3��
� d�5
� >"�3+ ( )η λ�&"��#-
 ωL1>M v
!+ 7�\ "� ���5�52 
2

2 2
( 1)η+ ω−η =
ω λ

���
� ���3��
� �#�5
�� �$� d	� 
2 2 2 2 1/2

1
2 2 ( 4 4)

2
λ ω − ω+ + λω λ ω − ω+η =

v
!+ ;��3 L�¬
,

max
λ ω
η-C ��a$
 G��
� �5
� H�$
 _-CM� �� ���) _( )ωρ L.>"�� ���$�& 0 1< λ <+

0 2< ω <��
�	
� �a ��	'� �5a	3 
2 2 1/2

1
2 2 ( 4 4) 1

2
ω − ω+ + ω ω − ω+η < =

���n ���A i��A ��� �� ³	$	`�0 2< ω <�5��X 1>�& �
SORj��5	3 .+ �"n�  u5��X 1>A ��$��� �8 >"�� 7����+ 
SOR ���� >��C�\	3 +A ���� >����5	3 )j��5	
� � ��2�+ ���\X �#�(.
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���-Z�M� �#�5
� ;��3 � >�� <=��∗ω4�k"-
 ω��� u
� ( )ωρ L��{�� �wYA ./����w3 ���� ��
η�
x�� 
ωT�¥� �1]0, ]ω���3��
� �#�5
� /�\] U� λ.

�8P�
� ��5	:��(17) 4�k"-
 �\`$
�� ω�  
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( ) ( ) ( )[ ]

( 1) ( 1), 2
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= ⋅ ⋅ −
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